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IpeaucaoBue

N3noxeHbl TeOpEeTHUECKUIT MaTepHall, a TakXKe CIOCOObI PEIICHUs TUIIOBBIX
3ama4. MeToanka M3N0KEeHUsI HallpaBjeHa Ha TO, YTOObI TOMOYb CTYJICHTY OBIAJCTh
OCHOBHBIMHU MaTE€MaTHMYECKMUMH METOAAaMH, CJieJlaTb MX MOHSATHBIMHU, HAyYWUTh
CBOOOJIHO MX MTPUMEHSTb.

Bech yueOHbIl MaTepuan pa3ouT Ha 6 pa3ienoB, KaXIblid U3 KOTOPBIX COCTOUT
U3 HECKOJBKHMX JIeKUUH (Bcero 22). B mepBbIX Tpex JIEKIUSX BBOASTCS TMOHATHUS
MAaTpHIl, ONPEACIUTENEN U BEKTOPOB. DTOT MATEpHUA INPUMEHSAETCA K W3YYCHHIO
npsMbIX U IuiockocTed (nexkuuu 3,4). B nekuusax 5, 6 u 7 u3naraercss TEXHUKa
g depeHurpoBaHus U BHIYUCICHUS TIpesieoB. Jlanee nu3yyarorcs HeonpeaeeHHbIE,
Ompe/eliCHHbIe W JABOMHBIE uHTerpanbl (jekiuu 8—12). B nexkuusx 13 u 14
paccMaTpuBaroTCsl OOBIKHOBEHHbIE IU(DpepeHiraibuble ypaBHEHUs 1-ro U 2-ro
nopsiaka. Jlekumn 15-22  comepkar 3JEMEHTBI TEOPUM  BEPOSITHOCTEM U

MaTEMATUUYECKOU CTATUCTHUKHU.



PA3JIEJI 1. JUHEWHAS AJITEBPA

Jleknusal

MaTpuubl 1 onpeaeuTe

Onpeodenenue  1.Keaopammnoii  mampuyeii  nopsaoxkan Ha3bIBACTCS

IMpAMOYTOJIbHAA T8.6JII/IHa, cocCTosdmast nu3 I’l2 YHUCCJI 1 UMCIoIIast BU:

Cl” alz aln
aZI (122 (12

A= n ] (1)
anl an2 ann

B snemente a, maTpuibl A MHIEKC [ (COOTBETCTBEHHO, HHAEKC j ) 0003HAYAET

HOMEP CTPOKH (COOTBETCTBEHHO, HOMEP KOJOHHBI), B KOTOPOH HAXOIUTCS STOT

AJIEMEHT.
[
Yucnosas unnrocmpayusa. PaccMOTpuM MaTpuny
3 5 8 10
-2 4 6 11
A= .
-10 -8 -3 2
-4 3 12 17
3necy n=4,a,,=3,a,=8 a,, =11, a,,=12.
Onpeoenenue 2:
1.  Onpenenurenem ‘A‘ MaTpHULbI AmnepBoro  TOpsAAKAa  Ha3bIBACTCS

CIMHCTBEHHBIM JJEMEHT, U3 KOTOPOrO 3Ta MaTpUL@ COCTOMUT, T.€. JUIs
A= (az11 ) HOJIy4aeM ‘A‘ =a.
2. OnpenenureneM Matpuibl A mopsaka 7 =2 Ha3bIBAETCH YKCIIO

A= a, 4a, _
‘ ‘ = =4a,a,, —a,a,,. (2)

a21 22

3. OnpenenureneM Matpuilsl A mopsiika 7 =3 Ha3bIBAETCS YUCIIO



4 G a5

_ |y 4 h 4 h &
‘4—%1 y H3=aq 4 Ta 3)
hy & &Gy 4 &y 3y
&) Gz 4 n
4 3
Ilpumep 1. HyCTBAZ( j
-2 5
Torna |4 =4-5-3-(-2)=20+6=26.
2 -3 4
Ilpumep 2. llycte A= 5 6 7|
-1 4 8

6 7 5.7 |5 6
Torma|4 =2 |-(-3 +4 =2-20+3-47+4-26 =285.
4 8 -1 8 g

Onpeodenenue3. IloctaBuM B cOOTBETCTBUE MaTpulle A 3a1aHHON popmyIioi
T
(1), matpuny A , 4bM KOJOHHBI COBIAJAIOT C COOTBETCTBYIOUIUMHU CTPOKAMHU

T . .
matpuitbl A. Marpunia A° Ha3bIBaCTCS MPAHCHOHUPOSaHHOU mampuyeti (110

OTHOIICHUIO K A ).

|
3 -5 -8 3 I 4
Ilpumep 3. Ecim A={1 9 —2|,torma A" =|-5 9 7|
4 7 10 -8 -2 10

JleicTBus HaJl MaTpULlAMU
O600mum omnpenenexue 1.
Onpeoenenue 4. Martpuueil pasmepa mxn Ha3bIBACTCS NPSIMOYTOJIbHAs

Ta6J'II/IHa UHCCII, COCTOAIAasA U3 m CTPOK U 71 KOJIOHH:

a;;  ap a,
a a .. a
21 2 2
. Al @
aml am2 amn



B nanpHelimem [1si KpaTKOCTH Mbl OyZeM 0003HAaYaTh MATPHUIBl Tak: A:(a..)

)

.MHoOecTBO BCEX MaTpHll pazmepa mxn 0003HAUUMM, .

Onpeoenenue 5. JIe matpuipl A= (ay.) u B= (bl.].) HA3BIBAIOTCS PAGHLIMU,
€CJIM OHU MMECIOT OJTMHAKOBBIN pasMep u a, = bl-, (i =12,...,m;j= 1,2,...,n).
|

Onpeodenenue 6. Matpuiia, Bce 3JIEMEHTbI KOTOPOM paBHbI HYJIIO, Ha3bIBAETCS

HYle8oll MaTpulie u o0o3Havaetcs ().

Onpeoenenue 7. Eciin A = (ay) uB= (b@./. )— JIBE MaTPHIIbI pa3Mepa mxn, a o

— 4uCJjI0, TO CyMMa MaTpull W IPOU3IBCACHUC MATPUIbI HAa YHCJIO OIPCACIIAIOTCA

CICAYIOIIUM 00pa3oMm:

a,+b, a,+b, .. a,+b, a-a, a-a, .. oa-a,
A+ B:= , a- A=
a,+b, a,+b, .. a,6 +b, a-a, a-a, .. o-a,
|
IIpumep 4.J1anpl MaTpULBIL:
2 -4 1 -5 -2 1
A=|-3 7 1 |, B=|-6 0 2|.Haitru 34-2B".
3 4 =2 4 -1 3
6 -4 3 -5 -6 4 11 2 -1
34=-9 21 3 [B'=|-2 0 -1|,34-2B"=|-7 21 4
9 12 -6 1 2 3 8 10 -9

MoOXHO OnpenenuTh Onepaunio NIpou3BeIeHUs MaTpull. JlJist 3TOro BBOASATCA
eIIE HECKOJIBKO OIPEIECICHUM.
Onpeoenenue 8. Matpunia A pasmepa | X p Ha3bIBaeTcs BEKTOP-CTPOKOI:

A:(a

u o 4, e alp

Marpuna B pasmepa px1 HasbIBaeTcs BEKTOP-CTOIOLOM:



Jlns otux matputi Au BrpousBeneaue A - B onpenensercs caeayromuM 00pa3om:

b

11

b »
A-B= (all Ay e alp) "li=a,b, +a,b, +..+a, b ;alkbkl.
ol
[ |
['MaBHOE B ONPEAEIECHUN NPOU3BEACHHUS MPOM3BONLHBIX Marpul, 4 u Boto
TO, YTO CTPOKH MATpuilbl A yMHOKaroTCs (B CMBICIE ONMpEAECNICHUS §) Ha CTOJIOII
matpunsl B. I103TOMy NpOM3BENEHHME MATPUIl ONPENETIEHO TOJHLKO TOTAa, KOria
YHCIIO CTONOLIOB MAaTpULEI A COBIIAJAET ¢ YUCIOM CTPOK Marpuilbl B . Jlydmie Bcero

9TO BUJIHO Ha CXCMC€ YMHOXCHHA MAaTPHUIL:

a =

Onpeodenenue 9. Tlpoussenennem A- B matpuisl 4= (aij) pasmepa mx p Ha

Marpuiy B = (by.) pasmepa p xn Ha3biBaetcs matpuua C = (ci].) pasMepa mxn, rae

c,=ab, +a.b, +..+ab Zalk ; (5)

i1y ip~ pj
(l =12,...m;j = 1,2,...,n).

3aMeTHM, YTO PaBEHCTBO (5) — MpoU3BeICHUEI-I CTPOKK MaTpuilbl A Haj-ii cToioerr

Matpuisl B.



Ilpumep 5.]1anbl MaTpULIBIL:
3 -4 5 2 1
1 2 1 -5 1
A= ;B=] 1 5 1 =-7;C=(2]|;D= .
4 0 2 2 -3
-2 2 0 1 3
Havitu, eciii 3T0 BO3MOKHO, CIEIYIOLINAE ITPOU3BEACHUS MATPHULL:
A-B,A-B",A-C,C"-B,D-C, D- A.
-4 5 2

I 2 1
A-B= 1 5 1 =7|=
4 0 2
-2 2 0 1

(1:342:141:(-2) 1-(-4)+2:5+1-2 15421410 1-2+42-(=7)+1-1
(4:340-1+2-(-2) 4:(-4)+0-5+2-2 4-540-1+2-0 4-2+0-(-7)+2-1

(3 8 7 -1
§ -12 20 10 )

Npou3BeIcHNE A-B" HeompeeneHo, TAaK KaKk = 4MCIO  CTOIOLOB  HEPBOTO

COMHOKHUTCII HC COBIIAAACT C YUCJIOM CTPOKBTOPOI'O COMHOKHUTCIIA,

1
1 2 1 8
A-C= 12 = ;
4 0 2 10
3
3
1

-4 5 2
C"-B=(1 2 3) 5 1 =7|=(-1 12 7 -9}
-2 2 0 1

IMPOU3BCIACHUC D- CHeonpez[eneHo, TaK KaK 4YHuCJIO CTOJ'I6HOB IICPBOIr0 COMHOKUTCIIA

HC COBITAAACT C YHUCJIOM CTPOK BTOPOIO0 COMHOKUTCIIA,

-5 1\(1 2 1) (-1 -10 -3
D-A= : = .
(2 —3) (4 0 2) (—10 4 —4j



OOpatHbie MaTPUILIBI

Onpeoenenue  10.Egunnunoil  martpuueiusM,, Ha3bIBalOT  MaTpUILy

10 .0
KU
00 .. 1

_
Onpeoenenue 11. Ilycte A€ M . Marpuna B € M, na3piaercs oOpaTHOH

0 OTHOWmEHWIO K Marpune A, eciuAd-B=B-A=1.00patHas Marpuia

0003HaYaeTCs CIIEAYIOIUM 00pa3oM: B = A~

1 2 3
Ipumep 6.1lyctb A=|1 3 3|, B=-1 1 0
1 2 4

PasenctBo A-B = B-A=1 npoepsiercs HenocpeacTBeHHo. Ciiej0BaTeNIbHO,
B=A".
KakoB e peuent HaxoxaeHuss oOpatHod warpuubl? Ero maér psn

ONPENECICHUN U HUKECIEAYIOIIAsi TEOpEMa.

"4

Onpeoenenue 12. Ilyctb AeM,,. Yucno a, =(-1)" ;| HasbiBaeTcs

anzeopauueckum OONOIHEHUeM I1eMEeHMAd, MATPUIbI A, a marpuna A =(a;.)

Ha3bIBACTCS Mampuyell areeopauyeckux Oonoanenui mampuyvl A.

Ilpumep 7.Hatinem matpuily 4° anreOpandecKux JOMOJTHCHUN MAaTPHUIIBI

1 2 3
A=|-2 0 1|
2 =31

NmeewMm:



0 1 . -2 1 . 2 0
a, :(_ 1)2|A11| _‘_3 1‘ =3 ap :(_I)S‘Alz‘— R =4 ay; :(_ 1)4“413‘ = 2 3 = 6;
2 3 1 3 I 2
as :(_1)3|A21|: ‘_3 1‘: 11; a3, _(_1)4|A22|:‘2 1‘:_5, Ay Z( 1)5|A23|— ‘2 3‘:7;
2 3 1 3 1 2
a; :(_1)4|A31|:‘0 1‘22; a;‘Z:(_l)5|A32|=—‘_2 1‘:_7’ Cl; _(_1)6|A33|_‘ 2 0‘:
Takum oOpazom,
3 4 6
A =|-11 =5 7|
2 =7 4

Onpeoenenue  13.  TpaHCOHMpOBaHHasT  MaTpuila  adreOpandecKux
o « \[ ~
nonojgHeHuid Matpuiiel A 0003HaYaeTCs (A) U HAa3bIBAETCS NPUCOCOUHEHHOL

mampuyeii kK mampuye A.

Teopema 1. 1) Ecnn ‘A‘ # 0, To oOpatHast K 4 MarpuIia CyIIeCTBYEeT U UMEET

BUI:
A=) (6)
4
2) Ecut [4|=0,T0 A" He cymiecTByer.
|
Ipumep 8. Tlyctb A — Ta ke MaTpulla, 4TO U B MpPUMEpPe 7, B KOTOPOM
3 4 6 3 —-11 2
noacuutano, yto A =|-11 =5 7| Torna (A*)Tz 4 -5 -7\ Beruucois
2 -7 4 6 7 4

onpezenutens Matpuubl 4, nonydaem| | =29 .Teneps 1o popmyie (6):

10



3 12
29 29 29
A—I_L(A*)T_ 4 5 7
29 29 29 29
6 7 4
29 29 29
Jlexkusa 2

Cucrembl JJMHEHHBIX AJIre0pan4ecKuX ypaBHEeHUH
®opmynsl Kpamepa
PaccmoTpum crienyromyro CUCTEMY TpPEX JIMHEHHBIX YPAaBHEHUU C TpeMs

HEU3BECTHBIMHU X,,X,, X, :

an X, +apX, +a;3x; = by
Ay X) + gy Xy + Ay3X3 = Dy (7)

a3 X; + a3 X, + as3x; = b;.

DTy cUCTeMYy MOXKHO 3allicaTh B MAaTPUYHOM BUJIEe A-x =b, T A= (aij )— MaTpuiia

bl
KOA((DUIIMEHTOB TpPU HEU3BECTHBIX, b=|bh, | — cTOJOEH CBOOOJHBIX YJICHOB H
b3
X
x=|x,| — cronbern Hen3BecTHbIX. OOO3HAYNM AZ‘A‘ — TJIABHBIA OIIPEICIUTEb

X3

CUCTEMBI, a TaKX€ BBEJEM BCIIOMOIATENbHBIE ONPENCIUTENN: A, =|b, a,, a,;

Teopema 2 (npaBuno Kpamepa). Eciu A#0, 1o cucrema (7) obGianmaer

A A A
€MHCTBEHHBIM PEIIEHUEM, KOTOPOE UMEET BUI: X, = Kl’xz =—2,x,= f.

A

11



PaccmoTpum nipumep.
Ilpumep 9. Pemuth cieaytomryio cuctemy o ¢opmyinam Kpamepa:
3%, +3x, = 5x; =4
X, +x,+2x,=5;

2%, —x, +7x5="1.

3
1 2 1 2 1 1
A=l 1 2|[=3. -3. -5. =3(7+2)-3(7-4)-5(-1-2) = 33;
-1 7 2 7 2 -1
2 -1 7
4 3 -5
A=l5 1 2 b2 525514(72)3(3514)5(57)33
= = —_ . p— . — + —_ —_ —_ 5 — — ;
: -1 7 7 7 7 -1
7 -1 7
3 4 -5
A =1 5 2|= 5241 251 5—3(35 14)—4(7 —4) - 5(7-10) = 66;
2 77 2 7 Tk o7 S
2 7 7
3 3 4
A 115315315411 3(7+5)—3(7-10)+4(~1-2) = 33. Toraa, o
= = . — 3 +4- = + —_ —_ + —| — = . ’
} -1 7 2 7 2 -1
2 -1 7
dbopmynam Kpamepa noixyuum:
A 33 A, 66 A, 33

=—l=2; x,="2=— = 1

) x2 s x3_ - A
A 33 A 33 A 33

Martpuusslii Metox pemieHust CJIAY
CucreMy JnUHEHHBIX alreOpanyecKuX YpaBHEHHUUW MOXKHO TakKKe peniaTh
MaTpUYHBIM METOJOM, KOTOPHIH OCHOBaH Ha TOM, 4TO cucteMa (7) MOXET OBbITh
3anucaHa B matpuyHoil ¢opme: A4-x =b. Torma, ecnu A#0, cucrema (7) umeer

€MHCTBECHHOE PEIICHUE M €TI0 MOYKHO HAlTH 110 hopmyIie:

x=A"-b. (8)

Ilpumep 10. PemuTh caeayrouyo CUCTEMY MaTPUYHBIM METOJIOM:
X, +x,+2x,=5;

12



Tak kak A=33#0, TO cCymiecTByeT Marpuia, oOpatHas kK A — wmarpwuie

kod(ppuuuenToB cucrembl. Haiiném anreOpandeckue AOMOTHEHHUSI K BIEMEHTam

MaTpHIIbIL:
. 1 2 . 1 2 . 1 1
a4 = (_ 1)2|All| = ‘_1 7‘ =9; ap = (_ 1)3|A12| = _‘2 7‘ =-3 a5= (_ 1)4|A13| = ‘2 _1‘ =-3;
3 -5 3 3
@2 :(_1)3|A21|: ‘ ‘:_16 I :(_1)4|A22|:‘ 7 ‘:31’ Ay :(_1)5|A23|:_‘2 _1‘:9;
- 3 =5 . 3 -5 ) 33
a3 :(_1)4|A31|:‘1 ) ‘:ll; as, :(_1)5|A32|:_‘1 ) ‘:_11; as3 :(_1)6|A33|:‘1 1‘:0'

CocraBiM MaTpHIly, IPUCOSAUHEHHYO K MaTpuile A :

0o -3 -3 (9 —16 11
A={-16 31 9| =[-3 31 -11
11 -11 0 3 9 0

Tornma marpuia, oopatHast K A, ©IMeeT BHUI:

9 —-16 11

A*:iA*zi -3 31 -11
4 33

-3 9 0

ITo popmyie (8) umeem:

9 -—16 11 \4 9-4-16-5+11-7 33 1
x:L -3 31 -—-11|5 =i —-3-4+31-5-11-7 :L 66 |=|2],
33 33 33
-3 9 0 N7 -3-4+9-5 33 1

T.€. HCXO/IHAsl CUCTEMA MMeeT pemenue: x, =1; x, =2; x, =1.

2x;=3x, —4x;=15;
Ilpumep 11. PemmTh CIeQyIONyI0 CUCTEMY: X 42X, —x, =3 -

BpruucinnM riuaBHbIA ONPEAETTATEND:

2 -3 -4
A=l 2 —1l=of% THt Tl 2 =2(=4-T7)+3(=2)—4(=7) =0
_0 ; 2_—7 2 o -2 o -7 -

3aMeTHM,UTO CUCTEMa, Y KOTOPOU TJIaBHBIM ompenenuTenb paBeH (), He MOXKET OBbITh

13



pemieHa no ¢opmynam Kpamepa win mMarpuyHbiM MeToaoM. Oka3bIBaeTcs, 4To U

OCTaJIbHBIE ONPEACIUTENN TOKE PaBHbI HYJIIO, T.€. A, = A, = A, =0.Jlerko BueTh, 4TOB

TOM CJlIydae HWCXOJIHAs CHUCTEMa ypaBHEHUN HMEeT OECUMCICHHOE MHOXKECTBO
pELIEHUM.
Ewmeé onny curyanuro npousuItOCTPUPYEM Ha CIEAYIOIIEM IIPUMEPE.

2x,—3x,—4x; =5
Ilpumep 12. PemuTh CAEAYIOUIYIO CUCTEMY: 1 X, +2X, — X, =3
—Tx,—2x, =8

Jns nanHon cucteMbl A =0, HO OpH 3TOMA, =99 #0. DTO O3HAYAET,YTO [AHHAS
CHCTEMA YPAaBHEHUM PEIICHUN HE UMEET.
PaccmoTpeHHble METOJBI pEIICHUS CHUCTEM JIMHEHHBIX ajareOpandyecKux

YpaBHEHUI MOTYT OBITh IPUMEHEHBI HE TOJIBKO K PEIIEHUI0 CUCTEM TPEX YPAaBHEHHM

C TPCMs HCU3BCCTHBIMU.

—5x+3y=-2
Ilpumep 13. Pemiuth CHEQYIOUIYIO CUCTEMY: 4
4x-2y=2
N o -5 3
Harliném rimaBHbBIA ONPENETIATEND CUCTEMBI: A = 5 =10-12=-2
-2 3 -5 —
IIpu sTom: A, = 2:4—6:—2;A2: A =-10+8=-2.

. A =2 A, =2
Torpa penieHue CUCTEMbI UMEET BUJ: x =—=—=1; y=—2=—=1

A =2 A =2

Jlexknusa 3

BeKTOpr H onepanuu HaJl HUMHA

OCHOBHbBIE TOHATUA

O6o3HaurM  4Yepe3  R"MHOXECTBO, JJIEMEHTAMU KOTOPOTO  SIBIISIOTCS
YIOPSIIOYEHHBIE HAOOPBI U3 71 YUCEN, T.€.a =(a,,dy,....a,)" . DIEMEHTH R" HA3BIBAIOT
BEKTOPaMHU.SICHO, YTO MX MOXKHO TPaKTOBaThb KaK JJIEMEHTHI IPOCTPAaHCTBA M,

JloaToMy ompeneneHsl Onepanvyd CyMMBbl JBYX BEKTOPOB WM IPOU3BEIACHUS

BEKTOpa Ha YHUCiIo @ € R (onpeneneHue 7).

14



o o o -1 —2
Onpeodenenue 14.JluneitHON KOMOWHAIIUEH BEKTOPOBa , a ,...,a C

— —1 —2 —n
kodhunmeHTamMu o, a, ,...,o, Ha3bIBAETCS BEKTOp b=a,a +a,a +..+a,a .

Ilpumep 14. HaiiTu TMHEWHYIO KOMOMHALIMIO BEKTOPOB
a=(,2,-1,3)7, b=(-1,3,0,8)", c=(7,5,-3,0)" ¢ kosppuumentamu ax =3,
=4 y=-"2:

1 -1 7 -15
— - - 2 3 5 8
aa+fb+yc=3 1 +4 0 -2 _3 = 3
3 8 0 41

Onpedenenue 15. Cucrema BEKTOPOB {c_z “),c_l(z),...,c_l('”)}c R" Ha3pIBaercs
AUHENHO He3a6UCUMOl, €CTU W3 CcOoTHomWeHus a,d' +a,a” +..+a a™ =0
BBITEKAET PABEHCTBOX, =, =...=c, =0. B NpPOTHBHOM cllyyae JaHHass CUCTEMA
HA3BIBAETCS JUHELHO 3asucumoli (T.e. NCXOMHAS CHCTEMa JIMHEHHO 3aBHCHMA, €CIIM

CyYHEeCTBYIOT m 4ucel «,,x,,....,« HCpPaBHBLIC OJHOBPCMCHHO HYJIIO W TAaKHUC, YTO

m?2

—(1) —(2) —(m) _ —
aa +a,a”+..taa” =o0).

|
Teopema 3. IlycTb B mpocTpaHCTBE R" 3a/laHa CUCTEMA /1 BEKTOPOB
ap ay) a1y
7 as , Z@ _ o)) s Z(m Ay . )
ap Apr Ay
JTa cucTemMa JMHEMHO He3aBUCHMa TOT/Ia M TOJIBKO TOTAa, KOraa
a; a;, g,
A= a, 4y ... 4,, £0. (10)
Ay Ay Ay,
|
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Onpeoenenue 16.Cuctema BeKTOpoB (9) oOpasyert 6asuc B IpOCTpaHCTBE R”,
€CIM OHAa JMHEWHO HE3aBUCUMAa W JIIOOOW BEKTOpP M3 R" MOXKHO €IMHCTBEHHBIM
00pa30oM MpeICTaBUTh B BUJE TMHEHHOW KOMOMHAIIMHA BEKTOPOB CUCTEMBI.

Onpeoenenue 17. Kooppuuuenrsl a,,q,,...,, pa3ioxKeHUs BEeKTopa b 10
Oasucy {E“),c_z @ ...a (”)}c R" Ha3pIBAIOTCS KOOPAMHATAMH BEKTOpPA b OTHOCUTENIBHO

maHHoro Oasmuca.

Ilpumep 15. BekTopsl

1 0 0
_ 0| _ _
e = ,e? = yeye” =

0 0 1

o0pa3zyroT 6a3uc B MPOCTPAHCTBE R", TaK Kak

1 0 .. O
O 1 .. O
A= =1=#0.
0O 0 .. 1
bl
DTOT 0a3UC HA3BIBAETCS €CTECTBEHHBIM 0a3uCOM B MpocTpancTBe R". Ecim b = ,
b

n
TO JIerko BUjeTh, uto b =be"” +b,e” +..+be™, 1.e. onementst b,,b,,...,b xak pa3

U SIBJISIFOTCS] KOOPAMHATAMU BEKTOpa b OTHOCUTENIBHO €CTECTBEHHOTO Oa3uca.
B mpoctpaHcTBe  R'BEKTOpHI ~€CTECTBEHHOIO 0Oas3mca 4Yalle BCEro

0003Haya0TCs TaK:
1 0 0
i=|0|, j=|1|,k=]0
0 0 1
Ilpumep 16. JlokazaTh, 4TO CUCTEMA BEKTOPOB
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aV=[2|,a?=| 1|, a¥=|1

6
obpasyeT 0a3uc B MPOCTPAHCTBE R’ W HAWTH pa3IOKCHHE BEKTOpa b =|3| B 3TOM
5

Oasuce.

Nwmeewm: 1 -1 1
A=2 1 1|=5=#0.
1

I 2

ITo TeopeMe 3 cucTeMa BEKTOPOB {E“’,E(z),c_z“)}o6pa3yeT 0a3uc B IPOCTPAHCTBE R’.

JUisi HaXOXJAEHUs KOOPJAWHAT BEKTOpa » OTHOCUTENBHO 3TOro 0aszuca COCTaBUM
CUCTEMY:

o, —oa,+a; =6
200+, +ay =3.
o, to,+2a;,=5

Pemum ee no I[IpaBUIly KpaMepa. Bpruuciayum BcnomMorarebHbIe OIIPCACIINUTCIIN:

-1 1 I 6 1 I -1 6
A=13 1 1|=5A,=2 3 1|=-10, A;,=2 1 3=15
I 2 I 5 2 I 1 5

[Mony4aem: a, =1, a, = -2, a, =3.T.e., b=a -2a® +3a"?.

CKaHHpHOC IMPOU3BCACHUC BCKTOPOB

a, by
— az 7 bZ

Onpeoenenue 18.Cranaprvim npoussedeHuem BEKTOPOB g = u b=
a b

Ha3bIBAETCS  YKMCIIOT -b:i= Zakbk =ab +a,b,+..+a,b,, T.e.CyMMa TPOU3BEACHUN
k=1

OJTHOMMEHHBIX KOOPIUHAT BEKTOPOB @ U b .
|

OcranbHbIe ONPEACICHHUS Mbl PACCMOTPUM TOJILKO JIJISl IPOCTPAHCTB R° U R*

17



Teopema 4.Ilyctb @ U b — HEHyJIEBbIC HANPABICHHBIC OTPE3KH (BEKTOPHI) B

npocTpaHcTBe R’ (Wi B R’), |a] u ‘5‘ — MX JUIMHBI, & @ — yTOJl MEXAYy a u b
(0 <p< 7z) . Torpa:
1) |al=Va-a =+a' +a; +a; ;

a .

.5"

Sl

2) cosp =

@

|
Onpeodenenue 19. Tlpoeknueit BekTopa a € R° Ha HEHYJEBOH BEKTOp b € R®
HA3bIBAETCA YUCIIO
np;a =al-cosp,

rJie ¢ — yrojl MeXJy BEKTOpaMu @ | b .

Huxecnenyromue pucyHKU WITIOCTPUPYIOT MOHATHE NPOCKIINU:

3
¢
npya b

\ 4

|

3aMeTuM, 4YTO €CIIH YTrOoJl ¢ TYIOW, TO MNPOEKIUS BEKTOpA HAa BEKTOpP €CTh
OTPULATEIILHOE YUCIIO.

Ilpumep 17. JlaHbl BepIIUHBI MUPAMUJBI A(3,5,4), B(8,7,4), C(5,10,4), D(4,7,8).
Haiitu niunsl pedbep ABuCD, yron ZABC , NIPOEKLUIO BEKTOPAa AB Ha BEKTOp CD, a

TAaK)KE KOOPJMHATHI TOYKK E sABIAIONICHCA cepeuHol pedpa BC.

D IIpexne Bcero HaiiieM KOOpAUHATHI HYKHBIX HaM
5 -3 2 -1
BEKTOPOB: AB=|2|, BC=| 3 |, AC=|5|, CD=|-3|.
0 0 0 4

Junet pedep ABu CD —3TO HOPMBI (AJTUHBI)

COOTBETCTBYIOIIUX BEKTOPOB, T.€. 0 Gopmyie 1) u3

TEOpEMBI 4 HMeEM: H@H =57 +2% +0% =429,

CD| = (-1)* +(-3)* +4* =4/26.

18



-5
Vron ¢ = ZABC — 3TO yroil MeXIy BEKTOPOM BA=—AB=|—2| ¥ BEKTOPOM
0

BC, IO3TOMY 110 (hopMyJie 2) U3 TEOPEMBI 4 TOITyYaeM:

BA-BC  (=5)-(-3)+(-2):3+0-0 9 3

B BT V29 o+ a0t VB VB

3
CnenoBaTeIbHO, @ = arccos —.
s @ /—5 3

— AB-CD -11 _
SIcHO, YTONp— AB = — = . Haitnem AE . Ilyctb E = E(x,y,z). Torma

x—3 - 1’5
_ 1
AE =| y-5|. Tak xak Enpemut otpe3ok BC momnojam, T0 EC = EBC =| 1,5 |. Tlo
z—4 0
x—3 3,5
NPaBWIY CJIOXKEHHS BEKTOPOB AC=AE+EC = AE=AC-EC = | y-5|=[35| =
z—4 0
x=06,5
y = 8,5. Utak, Touka EumMeet koopauHathl (6,5;8,5;4).
z=4

Onpeoenenue 20. Bextopa d u b u3 R’ Ha3bIBAIOTCS OPTOTOHATIBHBIMH, €CIIH

]
2 3
-5 _ | =7
Ilpumep 18. Ilpy KaKOM 3HAUYEHUU MAPAMETPA [ BEKTOPBI & = | b=|_ 5
6 8
OPTOTOHAJIBHBI?

Umeem: a@-b =0<6+35-2t+48=0<2¢ =89t =445.

19



BekTopHOe npou3BeIcHHEe BEKTOPOB B R’

a b,
Onpedenenue 21. BEeKTOpPHBIM MMPOU3BEACHUEM BEKTOPOB @ =|a, | U b =| b,
a; by
Ha3bIBAETCS BEKTOP, 0003HAYAEMEIN d XD U BBIYUCIIAEMBIH 110 GOpMYIIE:
i a b
axb=|j a, b, (11)
k a; b

|
3aMeTM, 9TO B TIEPBOM CTOJIOIE OMPEISITUTEIIS, BXOISIIETO B paBeHCTBO (11),

CTOAT HC YHCJIa, a BECKTOPHI.

5 4
IIpumep 19. llyctb a=|-3|, b=| 3 |. Ucnons3ys (11), nmeem:
2 -1
i 5 4 -3
= |- -3 3 5 4| |5 4 - - —
axb=|j -3 3|=i —J +k =-3i +13;+27k =| 13
. 2 -1 "2 -1 -3 3
k2 -1 27

Teopema 5.Bexmopnoe npouseedeuueﬁxg €CTh BEKTOD, YIOBJIETBOPSIOLINN
CIEAYIOLIUM yCIIOBHSIM:

1) Hopma 3TOro BEKTOpa paBHa IUIOUIA[M MHapajlieIorpaMma, MOCTPOEHHOTO
Ha BEKTOpax @ Mb Kak HAa CTOPOHAX;

2) BeKTOp @ Xb OpTOroHaseH U BEKTOPY d , ¥ BEKTOpY b ;

3) HampaBjieHHe BeKTOpa d Xb omnpepensercs Mo NpaBuiy OypaBuMKa: €CIH
je3Bue OypaBuMKa YCTAHOBHUTH MEPHIEHAUKYJSIPHO IJIOCKOCTH, B KOTOPOM JexaT

BeKTOpa d ub , a pyuKy OypaBuMKa BpaIlaTh OT BEKTOPA @ K BEKTOPY b B CTOPOHY

HAUMCHBIICTO YyIJIa MCXKAY OTHUMH BCKTOPpAMH, TO HAIIPABJICHHC BCKTOpPaA axb

COBIIAACT C HAITPABJICHHUCM JIBUKCHUS JIC3BUA 6ypanHKa.
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Ilpumep 20. Ilycts naHa nupamuja, BEPIIMHBI KOTOPOW HMEIOT TE IKE
KOOpAWHATBI, 4TO W B mOpumepe 17 (cM. TakkKe PUCYHOK M3 3TOr0 IpUMepa).

TpeOyercst HAUTH S, U S,,0p -

[TonoxkuM a@ = AB, b = AC . BeluucyisieM BEKTOPHOE TIPOU3BEICHHUE:

i 52
axb=|j 2 5|=21k=58,s :%Haxgu:%\\21/?”:%”/?”:10,5.
k 0 0
3 -1
AHanoruuso, nojaras ¢ = CB=| —3|, d = CD=| — 3|, IIOJIy4aem:
0 4
i 3 -1 ~12
cxd=|] -3 =3=—12i-12j-12k=|-12 :SMCD:%HExJH:
k 0 4 ~12

=—J(=12)* +(=12)* +(-12)* = 643.

CMerraHHOe POU3BEICHNE BEKTOPOB B R’

Onpeoenenue 22.CmeutanHvimM npouzgeoeHuem TPeX BEKTOPOB a,b,ceR’
Ha3bIBAETCS YUCII0, 0003HaAYaEMO€E @b M BBIUUCIIIEMOE 10 GOpMYyJIE:
abe=a(b xc). (12)
|
3ameTuM, 4TO mpu npuMeHeHnu Gopmydbl (12) cHavana HyKHO BBIYUCIUTH
BEKTOPHOE TMPOM3BEICHUE BEKTOPOB, CTOSIIEE B KpPYIJIbIX CKOOKax, a 3areMm
pe3yJNbTaT CKaJIsipHO YMHOKHUTh Ha BEKTOp & .

a, b, ¢

Teopema 6.Eciu a=|a,|,b=|b,|,c=|c, |, TO CMEIIAHHOE IPOU3BEACHUE ITUX
b3

a, Cs

BEKTOPOB BBIUUCISETCS MO PopMyIIe:
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abc=la, b, c, (13)
a; by ¢
[ |
-1 2 2

Ilpumep 21. Tlyctba=| 1|, b=|-2|, c=| 1| Haiinem abc, ucnombzys

dbopmymy (13):

BrisicHuM Tenepbs TeOMETPUUECKUN CMBICTT CMEIIAHHOTO TTPOU3BEICHMUSI.
Teopema 7. Moayiab CMENIAHHOIO IPOM3BEIEHUS BEKTOPOB d,b,C paBeH

O6’I)€My napajurejcnuicaa, IoOCTPOCHHOI'O Ha 3TUX BCKTOPAX KaK Ha CTOPOHAX.

IIpumep 22. TIyctb BekTOpa d, b ¥ C Te Xe, YTO U B MPEAbIIYIIIEMIIPUMEDE.

Haiinem o0beMm V' mapaiienenumena, HOCTPOCHHOTO HA BEKTOpax d, b U C Kak Ha

CTOpOHAX.

Bocnonb3oBaBmucy, TeOpeMOd 7 W BBIUMCICHHSAMU U3 mnpumepa 21,
noinydaem: V = ‘EI;E‘ = ‘— 3‘ =3.
Ilpumep 23. Ilycts gana nupamunaa u3 npumepoB 17 u 20. Haiitu o6vem V'
ITOI MHUPaMUJIbI, a TAKXKE €€ BBICOTY /1, ONYILIECHHYIO U3 BepIIHHbI [) Ha OCHOBAaHUE
2 1
ABC.Tak kak a=AB=|2|, b=AC=|5|,c=4D=|2|, a 00beM IUpaMuIbl (KaK 3TO
0 0 4

CICOAYCT U3 JJICMCHTAPHBIX I'COMCTPHYCCKHX COO6pa}K€HHﬁ) B IMCCTb pa3 MCHBIIC

o0bneMa COOTBCTCTBYIOIICTO IapauICJICIIUIIC/Ia, TO

5
abc =2
0

S N

1
2|=100-16 =84,
4
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l_—-, 84 1
¥ 1o teopeme 7V = E|Eb5| =% = 14. Jlanee, MOCKOJNBKY V = ESAABC -h, TO NIPUMEHIA
K14 42
pe3yJIbTaT BBIYNACICHUS S, ,,. U3 IpuMepa 20, nonyvaem: h=——=——=4.
Swse 10,5

Jlexnusa 4

IIpsiMas ¥ JIOCKOCTDH

[Tapamerpuyeckue ypaBHEHHS IPSIMO B R’

ITycte  TOYKa A(al,az,a3)anHaJ:[He>1<HT npAMON{H

a1
HEHYJIEBOM BEKTOpP 7 =| 7, |[JIexuT Ha npsmon {.Torna

73

MOJXHO COCTaBUThb CUCTEMY ypaBHCHI/Iﬁ

X=1t+a;
Y =Tt +ay;s (14)

Z="T3t+a,, t€R,

KOTOpasiHAa3bIBACTCANAPAMEMPUYECKUMU YPAGHEHUAMU NPAMOIL 6 R’ no mouke A u
éexkmopy 7. UYucio ¢ sBiasercs B ypaBHeHusX (14) mapamMeTrpoMm, MOTYIIHM
NpUHUMAThL JTI000€ IeHCTBUTENbHOE 3HAUYeHHE. Bektop 7 (Kak W JIFOOOW BEKTOD,
napajuieNIbHbIA NPAMON { ) Ha3bIBAIOT HANPAGIAIOULUM 6EKMOPOM RPAMOUL [ .

Ilpumep 24. 3anumieM ypaBHEHUA TPAMON /, NPOXOIAIIECH Yepe3 TOUYKY

A(3,—5,7) U BEKTOp 7 = 82 . [loncraBuB uMeronuecs: naHnHble B ypaBHeHue (14),
—4
IIOJIy4YUM:
x=-2t+3;
0z 3y =8t-15; . (15)

z=—4t+7, teR.
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Ilpumep 25.3anucatb ypaBHEHHUsS NPSAMOUM, NPOXOIAIICH 4Yepe3 TOUYKU
A(7,-2,3) u B(4,9,-1).

SIcHO, 4TO HaNpaBIIAIOMIMI BEKTOp A/ MOXKHO 33]aTh

TaK:
_3 x==-3t+7;
T=AB=| 11| =/ y=11t-2;
-4 z=—-4t+3,teR.

Ilpumep 26. 3anucarh ypaBHEHUE TMPAMOW, MPOXOIAIICH Yepe3 TOUYKY

1 2
A(6,—5,3) HEePICHUKYIISIPHO BEKTOpaM @ =| —1| U b =| 3
3 -5
¢ IIpyHuMas BO BHMMaHHME TEOPEMY 5, HANPABIAIOLIUN BEKTOP
JUIsi { MO>KHO BBIYMCIIMTH CIEAYIOIIUM 00pa3oMm:

axb

b

A<j

CnepnoBareinbHo, /2 y =11t —5;
z=5t+3,teR.

1 2 —4
—1 3|=—4i+11j+5 =] 11
3 -5 5

bl
Il
Sl
X
S|
Il
| L e

X = -4t +6;

ypaBHeHI/IC IIJIIOCKOCTH I10 TOYKC U HOPpMAJIbHOMY BCKTOPY

T_ ITycts nana To4ka A(al,az,a3), IpUHAAJIeKAIIAs
n
ny
H H ~ pe—
y mwiockoctu 11, m HenyneBoil BekTop 7 =|n,|,
M* n

OPTOTrOHAJIBHBIN 3TOM IIJIOCKOCTH.
CoctaBuM ypaBHEHHE IUIOCKOCTH.JlJIT 3TOro paccMoTpuMm Ha 1miockoctu 11

"Tekymry0" TOuKy M (x,y,z) C IEPEMEHHBIMH KOOpAWHATAMH X, VU Z . Hamoxum Ha

NEPEMEHHBIE X, YU Z YCIOBHE, KOTOPOE, C OJHOW CTOPOHBI, JacT BO3MO>XHOCTb

24



touke M momnacte B OOy TOUKY miockocTu 11, ¢ npyroii — He Mo3BOJUT TOYKE
M BpiiiT 3a mpemensl 3TOM IIOCKOCTH. I[loaydeHHOE COOTHOLICHHE M Oymaer
HpeCTaBiIsATh co00it ypaBHeHus iockoctu 1. iMeem 1ienouky paBHOCHIBHOCTEH:

Mell & 7lAM < 7-AM =0 < nl(x—al)+n2(y—a2)+n3(z—a3)=0.
YpaBHeHUne

nl(x_al)+”2(y_a2)+”3(2_a3):0 (16)
Ha3bIBACTCS YPAGHEHUEM NIAOCKOCHU o mouke A u HopmanvHomy eexmopy 7
(TepMUHBI "HOpMaJIbHBINA BEKTOP", "OPTOroHAIBbHBIA BEKTOP", "MEepreHIuKYISIPHBINA
BEKTOp" O3HA4YalOT OJHO M TO ke). Eciu B MOJYyYEHHOM YpaBHEHHHM MPOBECTH
0oObIYHBIE alreOpandeckre MpeoOopa3oBaHus (PaCKpbITHE CKOOOK M TPHUBEICHHUE
0/100HBIX), TO TIOJYYUM YpaBHEHUE BUJA!
Ax+By+Cz+D =0,

KOTOpPOE Ha3bIBAIOT 00U4UM YPAGHEHUEM NIAOCKOCHIU.

Ilpumep 27. 3anuiieM ypaBHEHUE IUIOCKOCTH, MPOXOJAIIECH Yepe3 TOUKY

9
A(— 5,8,2) U MMEIOIIECH HOpMaIbHBIH BeKTOp 77 =| — 6| . [To popmyite (16) umeem:
13

Ix+5)-6(y—8)+13(z—2)=0<9x 6y +132+67 =0.

YpaBHeHHe IIJIOCKOCTH I10 TOYKC U IBYM BCKTOpaAM

T_ _ [TycTh naHa TOYKa A(al,az,a3), IIpUHAIJICKaIIast
U XV
— mwiockocty II, m 1Ba JHMHEWMHO HE3aBUCHUMBIX
)7 IT
—4 H vy
L] V J— —
(HEeKOJTMHEAPHBIX) BEKTOpa u=|wu, | U Vv =|v, |,
Hs Vs

JIEXKAIIHUX B 3TON MIIOCKOCTH. CocTaBUM €€ ypaBHEHUE.
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O4eBUAHO, B KAue€CTBE HOPMAJIBHOIO BEKTOpa MOXXHO BBIOpAaTh BEKTOP
7= xv.B3sB Tekyuyto Touky M (x, Vs Z) U IPUMEHSAS PACCYKIACHUS IIPEABIIYIIETO

ITYHKTQ, I[10JIy4acM:

Mell @ AM -n=0 <

<)
=
X
S
Il
(e
g
=
<|
1
(e
<
|
NQ
RS
.\S
Il
()

YpaBHeHUE

X—a, M W
y—a, p, V=0 (17)

z—a; My VN

HAa3bIBACTCAYPABHEHUEM NJIOCKOCMU RO MOUYKe Au 08yM eeKmopam /U uv .

x=4t+2 x=-6t+7
IIpumep 28. [loxazarb, 4rO0 mpsMble [, ) =—06¢ u l,xy=9+2
z=-8t—-1 z=12t

MapaulebHbl, HO HE COBNAJAIOT, U 3alUCaTh YPaBHEHHE IJIOCKOCTH, IMPOXOISLIECH
yepe3/, u /,.

l.HaHpaBHHIOHII/Ie BCKTOpPbI JAaHHBIX IIPAMBIX COOTBCTCTBCHHO PAaBHLI

4 —6
tW=|-6| u7?®=| 9 |. Tak Kak OTHOIICHHUS COOTBETCTBYIOIINX KOOPAWHAT PABHBI
-8 12
-6 9 12 —2) —m .
T=—6:—8= -5, 10 79 =-157"", T... O3TH BEKTOPbl JHMHEHHO 3aBUCHUMBI

(KoJUIMHEapHBl). 3HAUUT, ﬁluéz .
2.Tenmepp uyroObl poKa3zaTh, 4yro ¢, U {, HE COBHAJAIOT, JOCTATOYHO

IIPOBEPUTH, YTO TOYKA, JEXKallas Ha OJHOM NPAMOU, HE JIEKUT Ha Apyrou. Ilonoxus

t=0 B mepBoil cucteMe, MOJIy4aeM TOUKY A(Z,O,—l)eﬁ .- Tokaxem, uto A ¢/, .
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5
t==;
2=—61+7 6
2
[ToacraBuM KOOpAMHATHI TOYKH M BO BTOpYIO cuctemy: <0=971+2 <<t = —5;
—-1=12¢ 1
12

Ora cucreMa MpoTUBOPEUNBA, MOATOMY A & (.

3. 3anuieM ypaBHEHME IUIOCKOCTH, MPOXosie uepes £,

u /. Ilonoxus t =0 B mapaMeTpU4ECKUX YPaBHEHUAX NPSMON
4

nonyuum Touky B(7,2,0)el,. Bosbmemz =7V =| -6 |7 = 4B =
-8

—_ N W

ITo popmye (17) moirygaemM HCKOMOE YpaBHEHHUE TIIOCKOCTH:
x—-2 4 5

y -6 2=O<:>(x—2)‘
z+1 -8 1

4 5

-6 2 45( )
-y ezl o

-8 1 -8 1

‘:0 =

o 10(x—2)—44y+38(z+1) =0 < 10x—44y +382+18=0 < 5x—22y+19z+9=0.
Pemum erié HeCKOJIBKO 3a/jauHa MPSIMYIO M INIOCKOCTD B IIPOCTPAHCTBE.
IIpumep 29.Haiitn TOYKy O, CHMMETPHYHYIO TOuke P (2,7,1) OTHOCHTEIILHO

IUIOCKOCTH IT: x—4y+z+7=0.

/ 1.3anumeM  ypaBHeHue —mpamoi [,

P

OpoXOAlIed uepe3 TOYKy P reprneHauKysIsipHO

IIJIOCKOCTH IT. Tak KakK B Ka4yCCTBC

S|
=

HAIIPABJIAIOIIEr0 BEKTOpa 7 MNpsMoid ¢ MOMKHO

| 1
B35Thb HOPMAaJIbHBIN BEKTOp IUVIOCKOCTH Il nn=| -4/,
1

xX=t+2;
TO MapaMeTpUIecKue ypaBHeHHs ¢ UMEIOT BUI: < y = —4¢ +7;.

z=t+1.
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P

ST

IT

2 .Haiinem Touky mepecedeHust P’ psMoii

¢ w trockoctu I1. JIIs 9TOrO pEmIMM CHCTEMY

YPaBHEHUI:
xX=t+2 X=t+2;
=—4t+7 =—4t+7;
y o 1Y +7
z=t+1 z=t+1;
x—4y+z+7=0 (+2-4(=4t+7)+t+1+7=0.

Takum o6paszoM, 18¢=18 = =1 =x=3, y=3, z=2, T.e. P'(3,3,2).

0
P
V m
P/'g
'
¢
17 8

3. [lycth Q(x, Vs Z) — TOYKA, CHMMETpPUYHAsI TOUKE

P orHocutensHO mockocty I1. Tak kak PP =P'Q,

1 x=3
T0 | 4| y-3| = x=4, y=—1,2=3, 1.¢.0(4,-1,3).
1 z—2

IIpumep 30.Haiitu TOUKY 0,

CUMMETPUYHYIO TOUKE P(4,3,10) OTHOCUTEJIBHO

x=2t+1
MPSAMOU / : §y=4t+2.
z=5t+3
1.3anumiem YpaBHEHHUE ITIOCKOCTH IT,

MPOXOMSIIEN 4YePE3 TOYKY P NepneHIUuKYJISIPHO

npsimoit £ . Tak Kak B KadeCcTBE HOPMAIBHOTO

BCKTOpa IIJIOCKOCTH IT MOKHO B34TH

2
HaIPaBJIAIOIIUI BEKTOP IpsAMoii £ , KOTOpBIi paBeH 7=| 4|, To 1o hopmyie (16):
5

1:2(x —4)+4(y —3)+5(z—10)=0 < 2x +4y + 52 - 70=0.
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! 2 .Haiinem Touky mepecedeHus P’ mpsiMoit
¢ wnnockoctu I1. PemmM cucTeMy ypaBHEHHMI:
A
T x=2t+1 x=2t+1
P/
2=5043  z=5043
2x+4y+52z-70=0 2(2¢41)+4(4¢+2)+5(5¢+3)-70=0

IMonyuaem: 45t =45=t=1=x=3,y=6,z=8, T.e. P'(3,6,8).

¢ 3.11ycTp Q(x, Vs Z) — TOYKA, CAMMETPHUYHASA TOYKE
P ornocurensHo mpsamoit ¢ . Tak kak W:P/_Q,
T 0 I
P/.——__________?o -1 x=3
p— TO | 3 |=| y—6| = x=2, y=9, z=6,T.e.Q(2,9,6).
-2 z—8
[Ipsimast B R*

OO01mMM ypaBHEHUEM MPSAMOI Ha MJIOCKOCTH HA3bIBAETCS YpaBHEHUE BUA!

Ax+By+C=0. (18)

EcmuB#0, 1o paspemas (18) OTHOCHUTENBHO ), MOJIYYUMYPaBHCHUEHPSIMON C

YTJIOBBIM KO3 (QUITHECHTOM:

(19)

Takum  obpasom, reomerpuyeckuii PuC. I cMpich unciaa k cocTOUT B TOM,
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uro k=Iga, rtmea— yrom, 00pa30oBaHHBIA INPIMOA C  IOJOKHUTEIBHBIM

HanpasieHueM ocu Ox . Y mapajuieldbHbIX MPSAMBIX YIJIOBbIE KOA((DUIIMEHTHI paBHBI (

k =k,). Y TEpHEeHANKYJISIPHBIX MPSMBIX YTJIOBbie KOG UIMEHTH OOpaTHBI IO

BEJIMYMHE U NPOTUBOIOJIOKHBI 10 3HAKY (kl == ] . YpaBHEHHUE IIPSAMOU, UMEIOIIEN
2

YTJIOBOM KO (QHUIMEHTAN IPOXOIAILEN Yepe3 TOUKY A(a,,a,), 3aIIUCBHIBACTCS B BHJIE:
y—a, =k(x-a,)). (20)
YpaBHEHUE IPAMOU, POXOISIIEN YEPE3 NIBE TOUKU A(a,,a,)U B(b,,b,), UMEET BUJ:

X, —a, Xx,—a
1 1 2 2
=0.

b,—a, b,-a,
PA3JIEJI 2. IU®OEPEHIIMPOBAHUE ®YHKIIHIA

Jlekuda 5

Onpenenenue Nporu3BOIHOU
[Tycts Gynkmms y = f (x) oTpesieNicHa Ha OTKPBITOM WHTepBajie J = (a,b)
JeMCTBUTENBHOM MpsiMOil R, Touka X €J W umciao Ax (HaspIBaeMoe IMpHpalleHHEM
HE3aBHCHMOM IepeMeHHOM x TakoBo, uro X+AxeJ. Ilpu 3TOM BBIpaKECHHE
Ay=f (x + Ax) - f (x) HA3BIBAIOT IPHPAICHUEM JaHHON (QYHKIUK B TOuke X €J .
Onpedenenue 23. Tpoussoanoii ' = [ (x) byHKIMHU Y = f (x) B TOuke X €J
Ha3bIBACTCS TpEel OTHOINECHUS NpupamieHus QYHKIHA B Touke Xe€J K

MPHUPAIICHAI HE3aBUCUMOI MMEpeMEHHOW, Korga mpupaiienne AX He3aBHCHMON

NEePEeMEHHOM CTPEMUTCS K HYIIIO, T.€.

dynkius y = f(x) HaseBaeTcs auddepeHipyemMoit Ha uaTepBane J =(a,b),
€CIM OHAa WMEET MPOM3BOIHYIO B KakIOW TOYKE 3TOro MHTepBajia. IIporecc

BBIYHCIICHUS POU3BOIHON Ha3bIBaeTCs AU(HEePESHITUPOBAHUEM.

[TpaBuna nuddepeHupoBanms
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1.IIpousBoiHas MOCTOSSHHOW (PYHKIIMK paBHA HYJIO, T.€. €CIIU Y =C =const,, TO
y =c =0.
2.Ilpou3BogHas cyMMbl JIBYX (YHKLIHMA paBHA CyMME IPOU3BOAHBIX ITHX

dyrkmmit, T.e. ecmm f'(x) m g'(x) cymecTByroT, TO
/ / /
[/ (x)+ )] = f'(x)+ &' (x).
3.110CTOSIHHBIN MHOUTEIb MOKHO BBIHECTH 3a 3HAK MPOU3BOJHOMN, T.€. €CIU
/
c=const,a f'(x) cymecTByer, To
y /

e sG]l =c1'(x).

4.IlpousBoHas MPOU3BENCHUS NBYX (DYHKIIMUA paBHA MPOW3BOJHON TMEPBOM
GyHKUMYA, YMHOXEHHOM Ha BTOpPYIO, IUIIOC MepBas (YHKIMS, YMHOXXEHHas Ha
IIPOM3BOIHYIO BTOPOIL; T.¢. ecim f(x) 1 g'(x) cymecTByroT, TO

/ /
[/(x)-g(x)] = /' (x)- g(x)+ f(x)- &' (x).

S5.IIpou3BogHasi 4yacTHOro ABYX (GYHKUMA paBHa JpoOH, 3HAMEHATEIb
KOTOpOHM paBeH KBaJApaTy 3HAMEHATENs MCXOJHON JAPOOH, a B UHUCIUTENE KOTOPOM
CTOMUT MPOMU3BOJHAS YUCIMUTEIS UCXOJAHON OpOOHM, YMHOKEHHAsl Ha €€ 3HaAMEHaTelb,
MUHYC YHCIUTENb HWCXOJHOW JpoOH, YMHOXKEHHBIH Ha MPOU3BOJHYIO €€

sHameHatens; T.e. ecmu f(x) u g/(x) cymectByroT m g(x)#=0, TO

EE;)] S )-gl)- ()£ )

) g*(x)

6.IIpousBoaHas CaoxHOU (yHKIMK (IEMHOE MPABUIIO): ecir y = g(u), TIE B

cBoto ouepens u = f(x), mecnn f'(x) u g'(u) cymecTsyror, TO

[e(f())] =g’ (f(x) £/ (x).
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Tabmumna 1

Tabnuia mporu3BOIHBIX JIEMEHTAPHBIX QYHKIUH

[Ipou3BOHBIE CTEIEHHOM, [TpousBoaHbIE [TpousBoaHBIC 0OPATHBIX
MOKa3aTeIbHON U TPUTOHOMETPHUY. TPUTOHOMETPHUECKUX
jorapudMuyecKor HyHKIHIA byHKIMN byHKIMH
_ . !/ . 1
(x“y — o x®] (sm x) =COSx (arcsmx)/ = >
(oL=const) 1-x
X X (cos x)/ =—sinx / 1
a ) =a -Ina = (arccosx) = 5
(a =constya >0) 1-x
1 1 1
(log a x)/ =—— (tgx)/ =— (arctgx)/ = 5
x-Ina cos” x 1+x
(a=const,a>0, a #1)
1
(exy =e", (ln x)/ = — (4acTHBIE ) 1 ) 1
v (ctgx) =— 5 (arcctgx) = - 5
ciaydau dhopmyn npu sin” x 1+ x
a=e= 2,7 | &..(rz[e e — YHUCIO0
Dilniepa)

[TopsnoKk AENUCTBUI B MATEMAaTHYECKOM BBIPAKEHHUU

1 g depeHInpoBaHUE CIOKHBIX (QYHKIIMMA

Paccmotpum 8¢ pyHKIMM: Y, =sinx’ u y, =sin’ x. OHM o4yeHp moxoxu. s

IMPaBUJIBHOTO HX I[H(l)(p@peHL[I/IpOBaHI/ISI HY’>KHO OTUYCTIMBO BBIACIWUTL OIICPAlnH,

KOTOpbIE€ MPOM3BOMAATCS HAaJ TIEPEMEHHOM XB JAHHBIX MaTEMaTHYECKUX
BBIpOKEHUSX. Y TEpBOM (QPYHKIMM NMEpEeMEHHas X CHayajga BO3BOAMUTCS B KyO, a

3aTeéM Ha NOJyYEHHBIH pe3yJbTaT AeUCTBYeT (yHKUMS CHHYC. Takum o0paszom,
ylzsin(x3 ) HaobGopor, y BTOpo#t (pyHKIIMU TepeMeHHas X CHaudaja IMOJBEpraercs
neiicTBUI0 (DYHKLIUM CHHYC, a 3aTeM pe3ylbTaT BO3BOAUTCH B KyO, T.e.y, =(sinx).

Haiinem mnpowusBoanble 3TUX (GYHKIUIH, MPUMEHSS LEMHOE MPaBWIO W TaOIUILy

npou3BOJHBIX (Tabn. 1). 3amerum, yTo HayuHATH AUDPEPEHIIMPOBAHUE HYKHO C

32



nociieqHer onepanu, 3areM AUPQGEepeHuUpPYIOT NPEANOCiIeHIO ONepaluulo M,
JIEHUCTBYS TAKUM 00pa30M, 3aKaHYMBAIOT MPOU3BOIHOM MEPBON OTIEPAIIHH.

[Tocnenneit omepanueil QyHKUIMH Y, =sin (x3 ) SABIIAETCS. OIEpalysi CHUHYC,
IIPOU3BOJIHAST KOTOPOW €CTh KOCHUHYC, ITO3TOMY MEPBBIM 3BEHOM LEMHOrO MpaBUia
ABIAeTCS (PYHKIUS COS (x3). [Ipu sTOM y mosiydeHHOM HaMU (PYHKIIMH COXPaHUIICS
apryMeHT, KoTopeiM  obnaman  cunyc. llpeanocnmennedt  omepanuei y
paccMmaTtpuBaeMoi (DYHKIIMU SIBJIIETCS BO3BEJACHUE B KyO (9Ta omepaius B JaHHOM
npUMepe OJHOBPEMEHHO siBiseTcs mnepBoi). [loaromy BTOpoe (M 3aKIIFOUYUTEIBHOE)
3BEHO IIEMTHOT0 MpaBujia — 3TO MPOU3BOAHAS CTENEHHON QYHKIMH x°, T.€. QyHKIUS
3x*. PykoBomctBysick popmyioit (6) mpaBun nuddepeHupoBanms, OKOHYATEIHHO
noxyuaem: (y,) =cos(x*)-3x°.

[Mocnenneii onepanuedl (GyHKIUM y,=(sinx) sBIAETCS BO3BENEHHE B KO,
TI0STOMY y €€ IPOM3BOAHOM IIEPBBIM 3BeHOM OyzeT GpyHkuus 3(sin x)’ . OTMETHM, 4TO
TaK KaK y UCXOJHON (YyHKIMHU apryMEHTOM, KOTOpPbI BO3BOAWICS B KyO, ObuI sinx,
TO OJTOT apryMEHT COXpaHWICSi M B TMepBOM 3BeHEe auddepeHIMpPOBaHUS.
[Ipenmocnenneit (M1 OAHOBPEMEHHO NEPBOI) olepanueit paccMaTpuBaeMon (QyHKITUN

ABJISIETCSI CHHYC, IO3TOMY BTOpOE€ 3BEHO OyJeT paBHO cosx. OKOHYATEIBHO
noy4aeM: (y,) =3(sinx)’ -cosx =3sin” x-cosx.
[Ipoauddepenupyem Tenepp CI0XKHYH (QYHKIHIO, COCTOSIIYIO U3 Tpex

oIepanuii, a IMEHHO QYHKLIUIO y=1g°x’. BpIUIIeHUM COCTaBIAIOIME OTy (DYHKIHUIO

IPOCTBIEC ONEPALUU: y = (tg(xs))z. 3n1ech nepBasi onepaiys — BO3BEICHUE MEPEMEHHOMN

X B MATYHO CTENEHb, BTOpas oOlepainus — B3ATHE TaHTeHCA OT IMOJIYyYEeHHOTO
pe3yibTaTa ¥, HaKOHEII, ITOCJICIHSA OTIEPaIks — BO3BEJACHHUE BCETO, UYTO MOJIYYHIIOCH,
B kBazapar. [Ipu muddepeHurpoBanny 1enHoe MpPaBUIO AacT Tpu 3BeHa. [lepsoe
3BE€HO MOJy4uM, nuddepeHnupys mocieaHon onepainu. OHO OyIeT COCTOSITh U3

byHKIIIHU Z(tg(x5 )). BTopoe 3BeHO — MpOU3BOIHAS MPEANIOCIENHEN ONIEPAlU — PABHO
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1

W. W, mwakoHern, mocieqHee 3BeHO ecTh (QyHKIua Sx*.  Hrtak,

4

P =2to(x®) ———— - 5x* .
¥ =2tg( )cosz(xs)

Hekoropsle 3amMeuanus, nmosie3nsie npu aAuddepeHunpoBaHuu
1. Ecin ny>xHo npoauddepeHunpoBaTh GYHKIHIO, COAEPKALLYIO PaAUKAIbI,
To mepen AUQPPEpPEHIUPOBAHUEM 3TH PAJAHMKANbI CIEIyeT TepeBecCTH B JAPOOHBIC

crenienu. Hammpumep, nmycth y =3/9x° +4x’ —17 + xA/x* . CHa4ana npeoOpa3oBbIBaCM ITY

s
GYHKIHUIO K BHUIY: y=(9x5+4x3—17 5 +x3. Tenepp mpow3BOAHAs BBIYHCISIETCS 0€3

W

Tpyna: y =%(9x5 +4x° —17)_% -(45x4 + 12x2)+—xi .

W

2. Eciu wmyxHo mnpoauddepeHiupoBatb apoOb, YUCIUTENb KOTOPOH —
MOCTOSTHHOE YHCII0, TO mepea nuddepeHmpoBaHueM 3HaMeHaTellb ¢ MoKa3aTeleM
MUHYC €IUHUIIA HYXHO TIOMECTHTh B 4YuciaHTelnb. [lycTh, Hampumep,

y= 1.2 + T [IpeoOpazoBbiBaeM  (QYHKIHUIO  CIAEAYIONIUM  00pa3oM:
x X N2 +3 ' -

y=xt-2xt 47y +3)_%. Tenepp y' =—x7? +16x~° —Z(x2 +3)% 2x = —%+¥—7—x .
2 X Q3+3T

3. Ilpu muddepeHupOBaHUU HE CIIEAYET MyTaTh IPOU3BOIHBIE CTENEHHON 1

nokazatenbHol (yHkumit. J[ns mpumepa paccMOTpuM (DYHKIMM ), =arcsin’ x H

y, =2"" 'V (ynkuun y, = (arcsinx)’ mepsas omepanus ecTh QYHKIMS apKCHHYC, a

BTOpasa oIlicpanusa — CTCIICHHAA (I)YHKIII/ISI (BOSBG,Z[GHI/Ie B CTCIICHb C IIOCTOSHHBIM

nokazareneM 2). Iloatomy, cienys mnpaBuiny auddEepeHIIMpOBaHUS CIIOXKHOMN

) 1 o

GyHKIIUU, TOJIyYUM yl/ =2arcsmx-—2. Y BrOpoil GyHKIMU TepBas omneparus
V1—x

TakXe eCTh (YHKIMS apKCUHYC, HO BTOpas OIepaius — 3TO B3SATUE MOCTOSIHHOTO

gucima 2 ¢ TIOKazareneM —arcsinx, T.€. TOKazaTenbHas (QyHKIua. [loatomy

‘ 1
y; — 2arcsmx 11'12 . .

1-x?

34



Jlorapudmuueckoe nuddepeHurpoBaHue

Pazbepem 3TOT cBO€OOpPA3HBIN METO] HA KOHKPETHOM MPUMEpE.

arccosxﬁ

Ilpumep 31. Haitnem npou3BOAHYI0 QYHKIIUUA y = X . Y oTOl QyHKIIUU U B
OCHOBaHMHM, M B IIOKa3aTeIW COJAEPKHUTCS MepeMeHHas x. B Takux ciyyasx

NPUMEHSIETCS TaK Ha3bIBAEMBI MeETOH JorapudMuyueckoro audhepeHInpOBaHMS.
6

Cnauana nposnorapupmMupyem JaHHyo QyHKIHIO: Iny = 1n(xar°"°sx ): arccosx’ - Inx .

Tenepsp HaliteM MPOU3BOIHBIC 0OCHX YACTEH MOTYISHHOTO PAaBEHCTBA:

/ / 1
-y = (arccosx6) “Inx +arccos x° - (Inx) = ————=——-6x" -Inx +arccos x° -

ll_(xé)z

= |~

1
y
B pesynbTaTe nomydaem:

1 1
y/ =y _—'6XS 'lnx+arcc0sx6 — | =
1—x" X

5 6
_ arecosx’ _6x”-Inx  arccosx

- V11— x"? ’ X .

Jleknusn 6
Hpeaea pyHxumuu

Onpenenenue npenena GyHKIUNA

B panbHelimem 4depe3 N Mbl OyJieM 0003HA4YaTh MHOXECTBO HATypaJIbHBIX
uncen. Urak, N ={1.2,...,n,..}.

PaccmoTpum QyHKIIHMIO y = f(x) ACHCTBUTEIBHOW MEPEMEHHOM X C 00JIaCThIO
onpeneneHuss D(y), U MyCTh a U b 1100 NEUCTBUTENbHBIC YHCIa, TNO0 OECKOHEYHO
yAaJeHHas: TOYKa (T.€.+00,—c0 WM MPOCTO o ).

Onpeoenenue 24:

1. Touka b Ha3bIBaeTCs MpeaesoM PyHKIUHU y = f(x) IPH X CTPEMSLIEMCS K a , €CIH
I H060H MOCNeNOBATeNbHOCTH {X,} C D(y), CTporo cIpemsuieiics k a (T.e.

OecKOHEYHO mpHUOMIDKarolmEeincs K y = f(x), HO HE TOCeHlaloled TOYKy a ),
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ToCIIeI0BaTeNbHOCTh {f(x,)} cTpemMuTcs K Touke b . To, uTo b SBIAETCS TPEIEIOM

GYHKIMU y = f(x) IPU X CTPEMSIIEMCS K @ , 0003HAYAIOT Tak: limf(x)=>5.

2. Touka b Ha3bIBaeTCsl JIEBBIM (COOTBETCTBEHHO IPaBbIM) MpenenoM (yHKIHH

y = f(x) IPH XCTPEMSIIEMCs K @ , €CIIM JUIs JTI000il II0CIeI0BaTenbHOCTH {x, | < D(y),

CTpOToO MOHOTOHHO B03paCTaIOHleﬁ (COOTBeTCTBeHHO, CTpOToO MOHOTOHHO

yOBIBaIolie) K a, TIOCIEAOBATEIbHOCTh {f (xn)} CTPEMUTCSI K TOYKe b.

O0o3HaueHUE JIEBOTO TIpesea: lim0 f(x)=b (cooTBeTCTBEHHO, MPaABOro Mpejaesa:
X—>a—

lim f(x)=b).

x—a+0

|
OtmeTuM, 4TO U3 orpeaeneHus 24 cpaszy BBITEKAET, UTO €CIU Mpeael (JeBbIit
npezen, npaBbiid npesen) GyHKIUU CYyIIeCTBYET, TO TOT MPEAes €IMHCTBEHEH.

Ilpumep 32. PaccMoTpuM (QyHKIHIO

d x<2;:
y=f(x)=4 2’ ’

—x+5,x>2.

Ee rpaduk nmeet Bua, NpeACTaBICHHBINA HA PUC. 2.

| =

X X 2\x5 X x| 5
y= x
Puc. 2

3ameTuM, 4TO JaHHas (PyHKIHS HE OmpeselieHa B Touke x=a=2. OgHaKo
3TOT (haKT HE BIUSIET HA BBIYUCIEHUE Tpejena (JIeBOro mnpejesna, mpaBoro mpeaesna)

q)YHKHI/II/I npu CTPpCMIICHHUHU X K ATOM TOYKC, TaK KaK IIOCJIICIOBATCIBbHOCTD {xn},

durypupymoias B onpeaeieHnu 24, He mocemaeT npeaeabHy0 TOUKY a=2.
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PaccMOTpHM CHAYaja IIOCNIENOBATENEHOCTH  {X,}, CTPOTO MOHOTOHHO

BO3pacTalomyro K a=2, u obOo3HaumMm y, = f(x,). Tak kak VneN x, <2, TO,
9 X
UCIIONIBb3Ysl BHJ Halied (DyHKIUH, MOJIydaeM: yn:j’. W3 puc. 2 BHIHO, YTO TPH
n —> o0 TIOCTEAOBATEILHOCT ¥, —>1. DTO 03HaUaeT, 4To lign0 f(x)=1.
x—2—

PaccMOTpUM  Temepb MOCIEIOBaTENbHOCTh  {X,}, CIPOr0 MOHOTOHHO
yOBIBAIOIIYIO K a=2, 1 0003HauuM y, = f(x)). Tak kak Vne N x, >2, TOo, UCIIOJIB3YS
BUJl Hamled (yHKIHH, TONy4YuM: ), =-x +5. W3 puc. 2 BHUIHO, YTO TIPH 1 —> 0

IIOCJICIOBATCIBHOCTD )V, —3. DTO 03HAYaeT, UTO lign0 f(x)=3.
x—2+

Scno, uro limf(x) ©He cymecTtByeT. JIeHCTBUTEIBHO, pPaccCMOTPUM

x—2
TIOCIICIOBATCIIBHOCTD  X,,X|,X;,X3 5. 00X, ;X ..., KOTOpPAs, OYEBHJIHO, CTPOTO CTPEMHUTCS K
Touke a=2. OgHAKO SICHO, YTO TMOCJICIOBATEIHLHOCTh COOTBETCTBYIONIUX 3HAUCHHMA

GYHKIHUA y = f(x), T.C. MOCICIOBATCIBLHOCTD V;, )|, V55V 5-VysVhoee, HE TIPUOIIMIKACTCS

HU K Kakoi Touke. CorjacHo MyHKTY 1) onpeneneHus 24, mojydaem, 4To lirrzl f(x) He
x>

CyIIeCTBYeT. UnTaTeN0 TpeiaraeTcsi CKPYIyJIe3HO MPOU3BECTH BCE HEOOXOTUMBIC
paccyXIeHuUs.
Ilpumep 33. IlepemecTuM mapajieIbHO camMoil cebe MpaByr0 BETBb rpaduka

(puc. 2) Ha 2 enuauIel BHU3. [lomyduum ciaeayroniuit rpaduk:
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Paccyxnas Tak ke, Kak B TIpuMepe 32, JIETKO MOJY4YUThb, YTO ligno f0)=1,
x—2-

lim f(x)=1, u mpenen GyHKIMH IpH X —>2 CYIIECTBYET U paBeH 1, T.€. li_I}IZl f(x)=1.

x—2+0

Teopema 8. Eciu l_i)rr_lof(x) = l_i)ngof(x) =b, 10 li_r>nf(x) =b.

|
Ilpumep 34. Paccmorpum ¢yHkiuioo y=Inx:=log x, rae e — unucio Dinepa.
Iycts a=0. $SIcHO, YTO He CYIIECTBYET IOCIENOBATENBHOCTH {X,}C D(¥), CTpOro

MOHOTOHHO Bo3pactatomeid Ka=0 (0 JeBOM TMpeaesiec TOBOPHUTh OECCMBICICHHO).

OJHAKO CYIIECTBYIOT IOCIENOBATEILHOCTH {X,|C D(y), CTPOr0 MOHOTOHHO

1
o

yoObIBaromue ka=0 (Hampumep, MOXKHO B35Th x, =—-). Jlerko BuAeTh (MOCTpoOMTE

rpaduk!), 4TO JUIA TaKUX MOCieaoBaTelbHocTel limlnx, =—o00, DT0 03Ha4aer, 4To

n—0

lim Inx =—co, JIyst ynpoOIIeHHs 3alMCH B TAKUX CIIydasx 9acTo mumryT limlnx=—oo,

x—0+0 x—0

CoiicTBa npenena GyHKIUN
1.IIpenen KOHCTaHTBI paBEH caMOM PTOM KOHCTaHTE: eclu f(x) = ¢ = const,
TO
limf(x)=limc=c.
xX—a xX—a

2.Ilpenen cymMmbl IBYX (DYHKIIMH paBeH CymMMe MPENEIoB ATUX (PYHKIUM:

ecim limf(x) u limg(x) cymecTByrOT 1 KOHEYHBI, TO
xX—a Xx—a

lim] /() + g(x)|=lim £ (x) + limg (x).
xX—>a Xx—>a Xx—>a
3.IToCTOSIHHBIN MHOUTEJIb MOKHO BBIHECTH 3a 3HAK IpeJiesia; €ClIM c¢ = const

u limf(x) cymecTByer u KOHEUYCH, TO
xX—>a

linfe- £(x)]=c-limf(x).
4. Ilpegen mpousBeneHuss ABYX (YHKIUMNA paBeH MPOU3BEACHUIO MPEIEIIOB

aTuX QyHKIUH: ecmy lim f(x) u limg(x) cymecTBYOT U KOHEYHBI, TO
xX—a Xx—>a

lim| / (x)- g(x)] = lim/ (x)-limg ().
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5.Ilpenen wyacTtHOro JBYX (YHKUMM paBE€H 4YacTHOMY IMPEIEIOB ATUX

dynkmmii: ecou lim f(x) n limg(x) cymectBytor, koHeuHbl 1 limg(x) #0, To

fim f(X) llmf(x)

__ X>5a

e g(x)  limg(x) .
6.Ecin B HEKOTOPOW OKPECTHOCTH TOUKHM a (MCKIIOYasi, ObITh MOXET, caMy
TOYKY @) f(x)< g(x) ¥ TIPEICIBI liln f(x) n ligng(x) CYIIECTBYIOT, TO
lim f(x) <limg(x).
7.Ecin li_r)n f(x)=limg(x)=b u ecaum B HEKOTOPOW OKPECTHOCTH TOYKH b
(uckimrouasi, OBITH MOXKET, caMy TOYKya) f(x)<h(x)<g(x), TO TIpeaen h(x)
CYIIIECTBYET U
limA(x)=b.

xX—a

8.Ecnu B HEKOTOPOW OKPECTHOCTU TOUKH @ (MCKIIIOYasi, ObITh MOXET, TOUKY

a) byHKIUS y = f(x) orpaHudeHa (3IM :0 <M <+ TaKOE, YTO B ITOW OKPECTHOCTH

f@)[<M ), a limg(x) =0, To

lim{/ (x)- g(x)]=0.

3aMe‘IaT€JIBHBIe HpCI[CJIBI
sin x

1. lim

=1 (mepBbIil 3aMeYaTENbHbIN IPENEN).
=0  x

1
2. lim(1+x)x = e (BTOpO¥ 3aMeyaTeIbHBIN Ipeae).

x—0

HemnpepsiBable hyHKIMH
Onpeodenenue 25. OyHKUUA y = f(x) HA3bIBAETCS HEMPEPHIBHOM B TOUYKE
ae D(y), ecinu
limf(x)=/(a). 2D
Ecnu paBencTBo (21) He BbINONHSAETCA, TO PYHKIUS y= f(x) Ha3bIBACTCS Pa3phIBHOM

B TOYKC a.
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B nmpumepax 32 u 33 paccmaTpuBaeMble (YHKIMU HE ObUIM ONpEIECICHBI B

TOYKE X=a=2, MOATOMY Takue (YHKIUU TAKXKE CUUTAIOTCA Pa3pbIBHBIMU B 3TOM
TOYKE.

Ilpumep 35. Paccmotpum dyHKIUI0 U3 npumepa 33, HO "goomnpeneneHHy" B

TOUKE xX=a=2:

ﬁ,x<2;
2
y=f(x)=4 3/2,x=2;
—x+3,x>2.

I'paduix 3TOM (pyHKIIMM NpUBENEH Ha pucC. 4.
y CornacHo onpeneneHuro 24, BEIYUCIASL
Yo% S . npenen QyHKOUM IpU X —>a, MBI HE
. UCIOJB3yEM 3HaueHue (yHKIUU B
TOYKE a. [ToaTomy rpeneln,

BBIUMCIICHHBIH HaMu B mpumepe 33,

COXpaHs€T CBOC 3HAYCHHUC, T.C. U B

JTAHHOM CITy4dae li—r)l; f(x)=1.

Puc. 4

3HaueHne ke (QYHKIMH B TOYKE x=a=2 paBHO f(2)=3/2. Onpenenenue 25 He

BBINIOJIHSAETCA, T[O3TOMY JaHHas (QyHKUMS pa3pblBHA B TOYKE Xx=a=2.

['eoMeTpudecku 3TO BBITJISIAUT KakK pa3phiB rpaduka B TOUke x=a =2 (CM. puc. 4).

Ecou B Touke x=a=2 ¢yHKOUIO U3 nmpuMmepa 33 JOONPEACIUTh ¢IUHHUIEH

(T.e. MOJOXUTH f(2)=1), TO OHA CTAHET HEMPEPHIBHOW B TOUKE x=a=2.

Onpeoenenue 26. @DOyHKIUSA y=f(x) Ha3bIBA€TCA HENPEPHIBHOM Ha

MHOXECTBE J — D(y), €CJIM OHA HEMPEPHIBHA B KAXKJIOW TOUKE 3TOr0 MHOXKECTBA.

CBoiicTBa HEMPEPHIBHBIX (HYHKIIUH
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1.ITocTostHHas (yHKIMS HENPEPHIBHA.

2.CyMMa ABYX HENpPEepbIBHBIX (DYHKIMI HEpEphIBHA.

3.IlpousBeneHre HEMpepbIBHOW (YHKIMM HAa YHUCIO €CTh HEIpephIBHAS
byHKIMS.

4.1lpousBenieHre IBYX HENPEPBIBHBIX (DYHKIINN HENPEPBIBHO.

5.YactHOe nBYX HENpPEpBhIBHBIX (DYHKIMI HENPEPHIBHO B TOUKAaX, B KOTOPBIX
3HAMEHATENIb HEPABEH HYIIIO.

6.CnoxxHass (QyHKIMS, COCTOSIIAsi W3 JBYX HENPEPHIBHBIX (PYHKIIHM,
HenpepbiBHA (ONpeeTeHUE CI0KHOM (DYHKIIMU CONEPKUTCS B BBOAHOW JIEKI[MU B
ecToM npasuie TuddepeHIInpOBaHU).

Teopema 9. OcHOBHBIE dNIeMEHTapHbIe PYHKIMU ((DYHKINH, TPEICTaBICHHBIC
B Ta0j. 1) HepepbIBHBI Ha CBOMX 00JIaCTsIX ONpeAeICHUsI.

|

Teopema 10.Bce »snemeHTapuble (QyHKUUMU (T.e.QyHKUHH, KOTOpHIE
0o0pa30oBaHbl U3 OCHOBHBIX 3JIEMEHTAPHBIX (PYHKIMH C TOMOIIbIO KOHEYHOI'O YHCIIa
apu(meTnyecKuX omepanuil U B3STHS CIOKHBIX (PYHKIMI) HENPEPBIBHBI Ha CBOMX

00JacTsAX ONpPEAEIICHHUS.

Jlexuua7

TexHuka BbIYUCICHUA NPeIesIOB

DKBHUBaJeHTHBIE (YHKIMU. beckoneuno maibie pyHKImH (0.M.(].)
u 6eckoHeuHo Oosbiue GpyHkimu (0.0.¢.)
Onpeoenenue  27. @OyHKUMM y=f(x) U  y=g(x)  Ha3bIBAIOTCA

SKBHUBAJICHTHBIMU IIpU X — a , €CJIU

lim/ &) =1,
x—a g(x)
O06o03HaueHNE YKBUBAJICHTHOCTU (DYHKIIUM TAKOBO: f(x) ~g(x) IPUX —>a.
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AHaNOrUYHO OMpPEAENAIOTCS U 0003HAYAIOTCA SKBUBAJIEHTHbIE (PYHKIUU TIPU

x—=>a-0Hu x—>a+0.

3amMeTHM, 4YTO B CHJIy CBOWCTBa S5 mpenena (yHKIIMH, pPaBEHCTBO B

onpeaeneHnu 27 paBHOCUIBHO PAaBEHCTBY lim% =1.
xX—a x

Onpeodenenue 28.OyHKIUS y= f(x) Ha3bIBaeTCs OCECKOHEYHO MaJIOi

dynkmueir (60.mM.¢.) mpu x—a, ecnu li_r)n f(x)=0. OyHKIMS y=f(x) Ha3bIBACTCS
0eckoHeuHO OoJbIoN GyHKIMEe#H (0.0.¢).) mpu x —>a, ecau limf(x)=o0,

|
Jlerko BUIETH, YTO OECKOHEUHO Mayiasi PYHKIMS MOXKET ObITh YKBUBAJICHTHA
TOJIKO OECKOHEYHO Mayiod (PyHKIHMH, a OCECKOHEUHO OoJibliasi (YHKIUS — TOJBKO
0ECKOHEYHO OOJIBIION.
Teopema 11. Ilpm x—0 copaBemmumBa  CleAylOIas  LENOYKa
SKBUBAJICHTHBIX0.M.(.:
X~sinx ~fgx ~arcsinx ~arctgx ~In(1+ x)~e* —1.

]
Teopema  12.1lpux—>ococnpaBeqnuBa  CIEAYIOIIAas  SKBUBAJICHTHOCTH

MHOTO4JICHA CBOEH CT&pIHCﬁ CTCIICHH.
ax"+a, x""+.+ax+a,~ax",

rae a,#0.

|
[Ipu BBIYMCIICHUN TIPEACIIOB C MOMOIIBIO SKBUBAJICHTHBIX (DYHKIIMN BechMa
MoJIe3Ha CIeayIolas MpocTas TeopeMa.
Teopema 13. Eciiu ipux —a f(x)~g,(x) 4 f,(x)~g,(x), TO

hm ﬁ(X) — llm gl (X)
x—a f’z(x) x—a gz(x)
B CJIy4dac, KOraa OJuH U3 3THUX IIPCACTIOB CYIICCTBYCT.
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IIpumep 36. Beraucnuts npenein: b = lim 3x 25x +7x+1
-l x"—-5x4+6

Tak kak B Touke x=-—1 3HaMeHaTeab (YHKIIMH, CTOSIIEH IOJ 3HAKOM Ipejera,
HEpaBEH HYJIO, TO 3Ta (YHKUHUSA HENpepbIiBHA B ToUke x =—1. Cienys onpeneaeHuto

25, nmus moacdera b JOCTaTOYHO BBIUMCIAUTH OTy QYHKIUIO TpUx=-—1:

b= 3(=1)3=5(=1)2+7-(=1)+1 __1
(-1)%=5-(=1)+6 6

Crnenyromiasi TeopeMa aKKyMyJIHPYET MpeAesibHble COOTHOUIEHUS, XOPOIIO

HN3BCCTHBIC U3 MIKOJBHOI'O KypCa MaTCMATHKHU.

Teopema 14. 1. Ecmu a >0, To lim x“ =0, limx” =+o; ecnu xe a<0, TO

x—>0+0 X—>+00

lim x“ =+, a limx“ =0,

x—0+0 X—>+00

2. Ecmm a>1, o lima* =0, lima* =+w; ecan xe 0<a<l, To lima* =+, a

X—>—00 X—>+00 X—>—0

lima* =0. B yactHocTH, lime" =0, lime" =+,

X—>+00 X—>—0 X—>+0

3. Ecou a>1, 10 limlog x=—o0, limlog x=+4w; ecau xe 0O<a<l, TO
x—0+0 “

X—>+00

lim log, x =+, a limlog, x=—w. B yactHocTH, lim Inx=—-00, limInx=-+co0.

x—0+0 X—>+0 x—0+0 X—>+00

4. lim tgx=-o0, lim fgx =+, lign0 ctgx = +o0, lim ctgx=—o0,
x—0+

=240 x=Z-0 70
2 2

. . T . T .
5. lim arcsinx =—-—, lim arcsinx =—, lim arccosx =7, limarccosx=0,

x—>-14+0 2 x-1-0 2 x—>-1+0 x—1-0

6. lim arctgx = 5 lim arctgx = lim arcctgx =z, limarcctgx=0,
X—>+00 —o0 Xt

z i
x> x> —+o0
|
Yurarento pekoMeHAyeTCsl NMPOCMOTPETh BCE 3TU PAaBEHCTBA Ha Tpadukax
bynkuuii (cm. [14]).
3anuiemM HEKOTOPhIE OYEBUIHBIE COOTHOIICHHUS, CBA3aHHBIE C CHMBOJIOM 00 !

1L
o0 0

=00,
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Jlerko Takxke OOOCHOBaThb CJEAYIOIIME COOTHOIIEHUS (34€Ch ¢ — HEHyJIeBas

KOHCTaHTA):
w 0 o0 0
c+00=00,Cc-0=00, w0-00=00, —=00, —=0, 0" =0, 0°=0.
0 o0
HeonpenenennocTssMu OyieM Ha3bIBaTh BBIPAKEHUS
O 0 0 0 qoo
—,;,0-00,0 ,00 ,17,00—c0u T.A.

3 .2
Ilpumep 37. Bprumciaum npexnen b =lim ¥ 5% +7x+1. [Ipumenus

e x?—5x+6

SKBUBAJIEHTHOCTh M3  TEOPEMBI 12 U Teopemy 13, MOJTy4aeM:

3

. 3x ) )
b:hm—z:11m3x:3-11mx:3-oo:oo.
X—>0 x X—>0 X—0

Ilpumep 38. Beruucnum npenen b = lim(\/ X427+ 3). ITepexons x npeneny

B KaAXKJIOM H3 pPAJHUKAJIOB, IIOJY4YaCM HCOIIPCACIICHHOCTH BHA 00—0. PaB,Z[eJII/IB "

YMHOKHB BBIPAKCHUC, CTOAMICC 101 3HAKOM IIPCACiia, Ha COIIPSAKCHHOC BBIPAKCHUC

Vx2 12 +4% 3, uMeeM:

(\/xz +2—\/x2+3J(\/x2+2+\/x2 +3) 2 2
b=lim :hmmz—_lzo'
x>0 V2424V x2 43 x—oo Vx2+2+Yx243  T®

Ilpumep 39. Beruucnum mpenen b:hmm IToxcraBuB x=0 OTAEIBHO B

x—0

0
YUCJIUTCJIIb U 3HAMCHATCIIb, Y6C)KI[3.CMC$I, 4dTO IOJY4YHIIN HCOIIPCACICHHOCTL BU/Iad 6 .

Tak kak npux—>0 wmmeem x-arcsinx—0, TO UISI YMCIUATENS BEPHA IIEMOYKA

SKBUBAJIEHTHOCTEU TTpU x —>0:

e* iy _ ] ~ x-arcsinx~ x? .
AHAJIOTUYHO, JIJIs 3HAMEHATEJIS MOoydaeM:

ln(l +1g7x ) ~tgTx’ ~7x7 .

ITo Teopeme 13b =lim=; =1,
x>0 7x

IIpaBuno Jlonuransa

Ceiiyac MBI IMOKaXXEM, KaK MOKHO BBIYHCJIATH HPCACIIbI, UCIIOJIb3Ys ITOHATHUC

IPOU3BOJIHON (JIEKITUAS).
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Teopema 15 (npaBunoJlonurains). [TycTe npu BbIYKMCICHUN TpeAena limM

xa g(x)
MBI TIONTYYHJIM HEOTPECIEHHOCTh THIIa O w2 . Torma lim f (x)—hmf (x) (ecmu
o0 x—a g(x) xX—a g( )
MOCJICAHUM TIPEeIT CYIIECTBYET).
|

Ilpumep 40. Bpluucium npenen b_hm1 2cor - (JYEBUIHO, 3[€Ch Mbl UMEEM

0
HEONPEAEICHHOCTh TUIa o [Ipumensiem npaswuio Jlonurans:

/ .
. (1-2cosx) .. 2sinx 2 T A3
b =Ilim —=lim =—.sin—=——.
wt (Bx-z) S 3 3 3 3
3 3
Ilpumep 41. meem:
lim(%—%) o0 — 00 = lim 822 = [jmp sinaer’ — 0 — iy 2sinrcosc2e _ i sindicix — £
x—0 X sin” x 1m0 xsin’x 0 x—0 4x 0 4
— llm2c052x—2 0 _ hm—4sm2x _ hm—8x —__1 .
x—0 122 0 X0 24 3

1
IIpumep 42.Boruncium npenen b = lim (4“‘ +5x° ); . Imeem:

X—>+0

Lo
1n(4“‘ +5x° ) =—- 1n(4" + 5x3). [To npaBuy Jlonutans
X

1

— X 3 x
lim In(4" +5x° s = lim 2E52) = pipy aoneise g
X—>+00 X—>+00 ¥ O e 475K

(HOCJIG,IIHGG PAaBCHCTBO IIOJIYHACTCA UYCTBIPCXKPATHBIM IIPHUMCHCHUCM IIpaBUJIa

1

. X 3 l . ln(4.x+5x3ﬁ lim ln(4‘+5x3F In4
Jlonutans). OkoHYATENbHO: b = lim (4' +5x )x = lim e _ e _ot_g
X—>+00 X—>+00
Jexknusa$g

@yHKIUM IBYX NepeMeHHbIX

YacrtHbie IMPONU3BOAHBIC

B »TOif nekuuMm MBI AaauM  KpaTKUd  0030p OCHOBHBIX  MOHSTHH

MaTeMaTHUYeCKOTO aHaju3a, CBSI3aHHBIX ¢ AuQdepeHurpoBaHueM (QYHKIUN IBYX
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nepeMeHHbIX. [loutn Bce, 4To Oyner H3/I0kKEHO, 0€3 CYIIECTBEHHBIX H3MEHEHMI
MOJKET OBITh MEPEHECEeHO Ha (PYHKIIUU 7 TIEPEMEHHBIX.

OcHoBHast uzaes TakoBa. [l Toro, 4roObl (YHKUHUIO JBYX HEPEMEHHBIX
z=2(X,)) cBeCTH K (GYHKIUH OJHOM MEPEMEHHOM, OJHY M3 MEPEMEHHBIX (X WId )
(UKCHUPYIOT (CUMTAIOT MOCTOSHHOW BEJIMYMHOM), a NMPOU3BOJHYIO BBIUHCISIOT I10

npyroiti mepemeHHoil. Ecnm 3adukcupoBana mnepemenHas )y (y =const ), TO

0z

< v /

MPOU3BOJHAS [0 OCTaBINCHCS MEPEeMEHHOW X o00o3HavaeTcs z, (Win 6_) u
X

Ha3bIBAETCS YACTHOM MPOM3BOAHOM QyHKuuK z = z(X,y) 1no nepeMenHoi X.TodHo

TaKk ke, eciu 3apUKCHpPOBaHAa TMepeMeHHass X (x=const), TO TPOU3BOJHAS TIO

o . / 0z .
OCTaBIIEHCS] TIEPEMEHHOU Y 0003HaYaeTCs z, (mm 8_) M Ha3bIBaeTCAd YaCTHOU
IpOM3BOAHOM QyHKIUH Z = Z(X, )’) 110 EPEMEHHOH V.

2 4 3, X o
Ilpumep 43. Tlycts z=3x ¥’ +7x* -9y’ += . Haiinem uacTHbIC MPOU3BOIHBIC

sToil pyHkmu. CHavasia 3aQuUKCUpPyeM MEPEMEHHYIO ) :yCThb y = const . Toraa B

5
IEpBOM wicHe (QYHKIUU Z MHOXHUTEIb 3)° SBIISACTCSA MOCTOSHHBIM M MOXET OBITH

BBIHECEH 3a 3HAK MPOU3BOJHON. TOYHO Tak k€ B MOCIEAHEM YJICHE MHOKHUTEIb i

SIBJISIETCS TIOCTOSTHHBIM M MOJKET OBITh BBIHECEH 3a 3HaK IMPOU3BOJHON. TpeTuit uneH
SIBJIIETCSL TIOCTOSIHHOM BEJIMYMHOW U MO3TOMY MPOM3BOJHASI OT HETO paBHa HyI0. B

UTOTE MOTy4aeM:

oz 1 1
= =3)° 2x+28x° —0+—=6x)° +28x” +—.
Ox y y
Teneps 3adukcupyem nepemMeHHy X, T.e. MyCTh X = const. Toraa B mepBoM
YJICHC (1)}1HKIJ;I/II/I Z MHOXKUTEJD 3X : ABJISICTCS MOCTOSSHHBIM U MOXET 6I>ITI> BBIHECCH 3a

3HaK HpOPI3BOI[HOI>i. ToyHO Tak e B IMOCJICHEM YJICHE MHOXUTEIL X SBISIETCA

MIOCTOSIHHBIM U TaK)X€ MOKET OBITh BBIHECEH 3a 3HaK MPOU3BOAHONU. BTopoii wien
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SIBJIIETCSL TIOCTOSIHHOW BEJIMYMHOM M MO3TOMY MPOM3BOAHAS OT HErO pPaBHA HYIIIO.

[Tomyyaewm:

%:3)62 5y4 +0_27y2 _%:15x2y4 _27y2 _12

0z
Onpeoenenue 29. YacTHble MPOU3BOIHBIC a—Z(x, y) u —(x,») dynkuuu
X

0y
z =2z(X,y), BBIUUCIEHHBIE B TOUKE M (x,y) , ONPEAEIAIOTCS (POPMYyIaMH:

82

oz (x, )= hm 2(x+Ax,)~2(x,)

Ax b

(X, y+Ay)—z(x,y)
—(x llm z )
( 9 y) A 0 Ay

|
Onpedenenue 30. YacTHple NPOU3BOAHBIE BTOPOrO TNOpsAAKa (YHKIHMH

z=2z(x,y) onpenenstorcs GOPMyIIaMHu:

5_22_2(%] dz_ofa 522_2[@) d’z _d(a
& ala) 8 a\a) as ala) ga ala)

HOCJICI[HI/IC JABC IMPONU3BOJHBIC Ha3bIBArOTCs CMCIIaHHBIMHU YaCTHBIMH

ITPON3BOAHBIMMU.

IIpumep 44 (nponoixkenue npumepa 43). Umeem:

2
oz_0 (azj 6y° +84x%, L2520\ 6020 54y X,
Ox~ Ox\Ox " oy 8y 8y ¥

0’z ooz 1 0z _ofez 1
OxOy 8y ox y Oyox 8x 8y y

Teopema 16. TIlycte ¢yukiuus z=2z(Xx,y) o0nagaer HENPEPLIBHLIMU

2 2 2 2
0z 0z 0z 0z
CMEIIIaHHBIMH ITPOU3BOIHBIMU U Torma =

oxdy  Oyox OxOy - Oyox
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['pagueHT ¥ Npou3BOIHAS 110 HAITPABICHUIO

0
Onpeoenenue  31. Tlycts  e’= (el

Oj —  EIVHMYHBIA  BEKTOp W
5

z(x+te),y+te))—z(x,y) ectb npupamenue QyHKuuu z =z(X,)) B HampaBIeHHH

BEKTOpa ¢ . Eciu CymecTByeT KOHEUHBIN TPeae

0 0
lim zZ(x+te),y+tey)—z(x,y) ,
t—0 {

TO DTOT Hpele] Ha3bIBAETCsA MPOM3BOAHOM (QyHKIUM Z=2z(X,)) B HampaBIcHUU

0 164
BEKTOpa € H 0003HaYaeTcst G_(X, y):

e
oz _ oz oz
—(xo,y0)=(gmd Z(xoayo))'eo :elo '_(xo’yo)"‘eg '_(xoayo),
Oe ox oy
0z
a_(xoaJ’o)
rae grad z(xy,y,) = 6)26 ( ) — BEKTOpP, Ha3bIBA€MbI TpagueHTOM (DYHKIIUU
oy 020

z=2z(x,y) B Touke M (x,,,).

Ilpumep 45.Haiinem grad z n % B Touke M (3,2) 1o HampaBJICHUIO BEKTOpa

e :( A j, ecmn  z=2xy—3x)’. CHauama BBIYUCIAEM YACTHBIE IPOU3BOIHEIE:

1974

oz
=4xy -3y, — =2x? —9x”.
o =3y o 3%

CnenoBarteibHO,

@(3,2):4-3-2—3-23 —24-24-0,% 2.3 _9.3.2? —18-108=—90,
ax Oy
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T.€. grad z(3,2) =( Oj' anee, mpoOHOPMUPYEM BEKTOp €, T.€. 3alMIIEM BEKTOP

e’ , UMEIM eIMHNYHYIO0 [UIMHY W HalpaBlIcHHE, COBIAJAIOIIEE ¢ HAIpPaBICHUEM

BEKTOpA € :

e

¢ (-3/5
o]l = y/(=3)* +4* =5, &° :\QTH:( e J

ITo onpenenenuto 31

é(g,,z):[ 0 M‘ysj:o-(—3/5)—90-(4/5)=—72_

124 -90) \ 4/5

PA3JIEJI 3. UTHTEIT'PUPOBAHUE d)YHK]_[I/Iﬁ
Jleknusa 9

HeonpeneneHHbI HHTETPAJI

Juddepenunan pyHkuuu
Paccmotpum dyHKIMIO y = f(x), mUbdEepeHIUPYEMYIO Ha HHTEpPBAJIC (c,d) .
Onpeodenenue 32. JluddepeHimanioMm HE3aBUCUMON MEpeMEeHHOW x Oyaem
Has3bIBaTh CUMBOJ dX; nupdepennnanoM QyHKIUM y = f(x) BbIpaKEHHE BHIA
dy = f(x)dx.
|

IIpumep 46. Ecim y =1gx , 10 dy = 12 dx. Jlns dyHKIIMN y=arcsin3 2x

COoS X

muddepeHnnan  BBYMCIASETCS € HCIOJBb30BAHMEM  IIEMHOTO  IMpaBuia:

dy:(3-arcsin22x- — -Zde.

1-4x
HepBoo6pa3Ha}1 nu HCOHpG,Z[GHGHHBIﬁ HHTCTpal

Onpeodenenue 33. OyHKIMSA y = F(x) Ha3bIBaeTCs MEPBOOOpa3HON (DYHKIIHH

y = f(x) Ha UHTEpPBAJE (c,d), €CIU Vx e (c,d) F'(x) = f(x).
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VYcnoBus cylecTBOBaHUS MEPBOOOPA3HOM a€T clieaytolas TeopemMa.

Teopema 17. (o cymecTBoBaHuM nepBooOpas3Hoit). Ecau dynkuus y = f(x)
HETPEephIBHA Ha UHTEPBAJE (c,d), TO Ha OTOM MHTEpBasIe AaHHas (QPYHKIUS o0namaet
nepBoodOpazHoit y = F (x).

|

OTBeTM Temeph Ha BOMPOC O TOM, CKOJBKHUMHU TMEPBOOOpa3HBIMU 00J1aTaeT
byHKIUSA y = f(x), HEMPEPbIBHAS Ha (c,d) .

Teopema 18. Eciiu dbyHKIHS F(x) SBISETCS MEPBOOOPa3HON (QYHKIMH f(x)
Ha (c,d), TO MHOXECTBO BCEX IEPBOOOPA3HBIX A f(x) 3amaéres (Gopmyoi
F(x)+ C, rne C— npou3BOJILHOE YHUCIIO.

|
Onpeodenenue 34. COBOKYITHOCTh BCEX MEPBOOOPA3HBIX (PYHKIUU y = f(x)HA

(c,d) HA3bIBACTCSIHEONPEOCNCHHBIM UHMeZPAnoM JTaHHOW (QYHKIMU Ha H3TOM
UHTEpBaJIec U 0003HayYaeTCs I f(x)dx. W3 Teopembl 18 HEMEMJIEHHO IMOIy4YaeM
CTPYKTYPY HEOIpeAeeHHOTO uHTerpaiga GyHKIUUA y = f(x), a HIMEHHO:

j f(x)dx=F(x)+C, (22)
rie F(x) — QukcupoBanHas mnepBooOpasHas (yHkuuu y= f(x), a C -—
IIPOM3BOJIbHASI TOCTOSIHHASI, MOTYIIIasi IPUHUMATh JTI000€ IeMCTBUTEIBHOE 3HAUCHHE.
O6patHo, u3 (22) cienyet, 4To (J. f (x)dx)/ = f(x). DTO, B 4YaCTHOCTH, O3HAYaECT, YTO

TOXKJIECTBA, COJIEp)KAIllUE€ HEOMpeeICHHbIE WHTErpajgbl, MOXKHO JIOKa3bIBaTh
muddepeHmpoBaHeM 00enX YacTel dTUX TOXKJIECTB.

|
Us (22) crenyer, wro d([ f()dx)= f()dx w [dv=[ldc=x+C. D

pPaBEHCTBA TOBOPAT O TOM, YTO omepalus B3saTus auddepennuana GyHKuu oOpaTHa

orcpanruu HECOIPCACICHHOI'O HHTCTPUPOBAHHAL.
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TaOmuna 2
Tabnuia HeonpeIeICHHBIX HHTETPAJIOB
Huxe IPUBEICHBI TOXKJIECTBA, KOTOpBIE MOKHO JI0Ka3aTh,

npoaudpepeHnrpoBaB 06€ yacTu.

a+l
X dx
Ix“dxz +C,rﬂe 7. J. — =—ctgx +C
a+1 sIn” x
a#—1
dx
x 'dx = In|x|+C —arcsm +C a>0
B e R L P
ja dx _E-l- C Taca>0,a+1 8/. Jm = arcsin x + C
*dx =e* d. 1
je dv=e +C 9 I . a . :—arctg£+C,a>O
a +x a a
4. (sinxdx=—-cosx+C dx
J / = arctgx + C
o. [ o =arcg
5. [cosxdx=sinx+C f dx =Llnx_a+Ca>0
10 x’—a® 2a |x+a ’
dx _ 2
6. Jcos? x—tgx+C 11. Im_ln‘x+\/x HoF b0

CBoiiCTBa HEOIPEEIECHHBIX HHTETPAJIOB

Teopema 19 (cBoiictBo nuueitnocty). Ecnu @ u B — mocTostHHbIE Yncia, TO

I (of (x)+ () Jdx =ax J S (x)dx+ ﬂj g(x)dx. (23)

1 2
Ilpumep 47. Bblumcnum  unterpan [ = j (5X3 —Tx+3-— 7 +;jdx_
x°-x

[IpumeHss CBOMCTBO JIMHENHOCTH, MOJIYYUM:

11
— dx
I=5x’dx—7|xdx+3|dx x+2 =5|xX’dx—7| xdx+3|dx—|x Sdx+2[—
IIJIXSIJIIJIX
[lepBbiii, BTOPO M YETBEPTHIM MHTETPANbl BRIYUCIAIOTCS 10 Gopmyne (1) u3z Tadm.
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2,B TPETBEM HHTErpajie CHUMBOJIBI J‘ U d YHUYTOXAIOT JIPYr Jpyra, a MOCIEIHUN

UHTETpaj Beuucisiercs mo ¢gopmyse (2). B pesynpraTe nomydaem:

6

4 2 5 4 2
I:5-x——7x—+3x—x—6+2-1n\x\+C:5%—%+3x+ -
I 6x°

+2In|x|[+C

2 8
Ilpumep 48. Boramenum  wHTerpan 1 :J' 4cosx+3" — T2 o X,
—x

[IpuMeHsst CBOMCTBO JJUHEMHOCTH, MMOJIYUYUM:
dx .8 J- dx

5 :
1+x A/l= x2

[TepBerit mHTETpaN BRIYUCISIETCS 1O hopmyde (5) u3 Taba. 2, BTopoi — 1mo ¢opmysie

1 :4J.cosxdx+_[3xdx—2j

(3) mpua=3, tperuit — no dopmyne (9), a yerBépThiii — mo Qopmyne (8). B

pe3yibTaTe Moay4aeM:

X

[ =4sinx +

—2arctg x+8arcsinx+ C ,
In3

Teopema 20 (bopmyna 3ameHsl nepeMernoi). CripaBeiBa Ghopmyra:

[ (£ ()f (x)dx = [ gt)ar ,

t=f(x)
rle BBIpAKEHHE CIpaBa O3HA4YaeT, YTO CHayaja BBIYHCISEM MHTErpal IIo
nepeMeHHoM f(kak eciii Obl 3Ta NepeMeHHas Obljla HE3aBUCUMOM), a 3aTeM BMECTO !

MOJCTaBIAEM f(x) .

Cneocmsue. Ecu G(t) — mepBoobOpasnas pynkiuu g(t), To

Jge+bdx = Gll+ )+ C. (25)

Ilpumep 49. Beryucium MHTETPaIb:

I, :J.edexH I, :Icos4xsinxdx,
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Jns Boluucnenus [jmonmaraem g(f)=e' u kx+b=-5x+3. Torma G(t)=e' (cMm.
I ss
dopmyny (3')radn. 2) u no dopmyne (25) umeem: 1, =—§-€3 > +C. BblunciicHue

I, mposenem no cienyromei cxeme, peanusyromei cootnomenue (24):

5

5
—jt4dt=—%+C=—COS al

5

I=CO0SXx
+C.

I, ='[cos4xsinxdx= ) )
dt = —sin xdx=>sin xdx = —dt

Ilpumep 50. BpluncauMm wuHTETpan [ :j(zdfx%z ucnoas3ys dopmyny (25).
X

MoskHO pacmnucaTh pelieHre u 6osee moapoOHo, mpuMeHsis hopmyy (24):

t=2x+3
=(2x+3) dx=2dx = dx = 2a’t

—2+1
t

L +C
2 -2+1

I :j(2x+3)-2dx Jt_z di_ jz-%z =

[Tocnenuuii mHTETpai BEIYUCIEH 10 hopmyse 1 U3 TaOIHIbl HHTETPAIOB, B KOTOPOM
nepeMeHHasi MHTETPUPOBAHMS BMeECTO x oO0o3HaueHa ¢, aa =-2.Ilocne oOpaTHOI

3aMEHBI NIOJIyYUM PE3YJIbTaT:

1
PR ) N,
) “2(2x13)
Teopema 21 (popmyna uHTErpupoBanys 110 yacTsam). Eciu u=u(x), v=v(x) —

nse nuddepenupyempie QyHKINU, TO
Iudv:uv—jvdu _ (26)
_
IIpumep 51. Bprumcnum  uHTerpan [ = Ix -cos(Bx—1)dx mo cxeme,

peanu3yronieil CooTHoeHue (26):
U=x =>du=dx
= oos(3x—1)dx:>v_jcos(3x—1)cbc—sm(3x—1

s1n(3x 1)
3

xsm@x_l) j sin(3x—T)d=

I=|x-cos(3x—1)dx

+— 5 cos(3x D+C,

Boruucnsiss  gyHkuuio v, Mbl  MOXEM IpeHeOperaTb MpPOU3BOJBLHOMN

MMOCTOSIHHOM. JIerko INOHATB, 9YTO 3TO HC CKA3bIBACTCS HA OKOHYATCIIbHOM PC3YyJIbTATC.
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Sx+2 o
IIpumep 52. Boruuciaum unterpan :Jx-e "“dx mo cxeme, peamusyrolei

coOoTHoIIeHHE (26):

u=x=>du=dx
X eSx+2 B X eSx+2 eSx+2 +C

_ 1 Sx+2
dv:es“zd)(:w=Je§x+2dx=éesx+2 5 I 5 = 5 25

I :Ix- e Pdx=

Jlekmusa 10
TexHuka HeonpeaeJIeHHOr0 HHTErPUPOBAHUSA
[Tpumenenue GhopMyIibl 3aMEHBI IEPEMEHHOMN
1. Ecnu, BBIYMCIIASL HEONPENEICHHBIM HWHTETpall, MOXKHO CHENATh 3aMEHY

t=f(Xx), ogHako MOJ 3HAKOM HEONPEJENEHHOr0 HHTErpajga CTOUT BHIPAKEHHE

k- f(x)+b, To nenecoodpasHo cpa3y clenarh 3aMeHy ¢ =k - f(x)+b.

Ilpumep 53. BpluncnuM wuHTErpant: Ecnu mbiTathed

! :Ix(4lnx+1) ‘
npuUMEeHUTH Gopmyiy (24) B TOYHOCTH, KaK OHA 3aMKMCaHa, TO MOXKHO C/IEJIaTh 3aMEHY
¢t =In x . OHAKO MO/ MHTETPATIOM CTOUT JIMHEWHOE BBIPAKEHUE OT 3TOW (DYHKIINH, a
umenHo 41nx +1. [Tosromy cnenyer cnenath 3ameny ¢ =4Inx+1. Umeewm:

t=4Inx+1

dr 1
1=, 4dx ﬂ__ —== ———ln|t|+C —ln|41nx+1|+C_
t 4t 4
X
Llpumep 54.
x t=3e" +5 -1
_° 4 LY P 1 1
J‘(3€x +5)2 die= dt=3e"dx :>€ dX?‘ I dt_3 _1+C_ 3(3ex +5)+C
Ilpumep 3535.
3 3
t=8tgx—7 3
A/ 8t 2
I gx = 8dx dx dt .[_dt:_.[ 2d_ +C= M
cos’x . |dt= — = = 3 12
cos“x cos’x 8 5
IIpumep 56.
. t=2—Tarcsinx
cos(2—7arcsinx 1 1
j ( )dx— —Tdx dx = —sttdt: ;smt+C: ;sm(Z Tarcsinx )+C.

T —|dt= = ="
I=x* Vi A1 7



2. BaXXHBIM YacCTHBIM CIydacM IMPCAbIAYHICTO ITYHKTa SABJISCTCA HHTCIpPAI

BHUJIA: I g(kx""' +b)x"dx , TIe n — HATypalbHOE YKMCIO. B COOTBETCTBUM CO CKA3aHHBIM

3TOT MHTErpan Oepercs 3ameHoit t=kx""'+b .

Ilpumep 57.
Iﬂ_ Z:l—6x3 dt_ 1J- dt 1 / l‘+C_i / (1 6 )+C
sin®(1=6x7) " |dr=-18xdx = x’dx=—"""187sin’ 18 18 T T T

3. BBIYKCIINM HHTETPANIbl BUA: jtg "xdx u I ctg"xdx , rme n— HaTypaabHOE

yucio. [Ipun =1 3TH UHTETpaITBI BEIYUCIISIOTCS TIPOCTO:

ﬂ— —In|¢|+C=—Ircosx{+C.

t=Ccosx
|dt=—sinxdx = sinxdx=—dt|

J.tgxa{x '[COS)C

AHaJornyHo, jctgxdx:1n|sinx|+C. [Ipu n>1 moapIHTErpaIbHBIC BHIPAXKEHUS

-1,

2 2
IpeoOpa3yrTCsa ¢ MOMOIIBI0 hOPMYIT: g x= —-1, ctg*x=—
peobpasy WpI0 opMyIL: ig cos’x & Y dinx

Ilpumep 58.

—jtg xdx—jtg x —Itgx -1g” xdx=

ar=ig's &

=jtg3x d)i —jtgx( lzx_l)dxzj‘tgsxc —Itgx 2 +jtgxdx

jtg xdx—jtg xtg’ xdx= jtg x(cos

[locnequuii MHTErpasl yke€ BBIYMCIIEH, a B IEPBBIX JABYX Je€JaeM 3aMmeHy [=igx . B

UTOTE MOTy4aeM:
2

tt ot t
[1g®xax=[di-[di- 1n|cosx|—— 3—1n|cosx|+c—% gzx—ln|cosx|+C_

[Tpumenenue GopMyIbl HHTETPUPOBAHUS 110 YACTIM
1. Pacevorpi murerpast | Px)-¢dx, [ P()-sinboc+Bds, [ P(x)-cosor+b)dsx,
rac P(X) C€CThb HCKOTOpBIﬁ MHOTOWIEH. DTH HHTCI'paJibl BBIYHUCIEAOTCA C IIOMOIIBIO

Gopmynmsr  (26), mpuuem  Bcerga  momaralor  U=P(x), a  uepesdv
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0003Ha4YaIOTOCTAIBHOE BBIPAXKEHHE, CTOSIIEE 0] 3HaKOoM uHTerpana. Ilpumepsr 51 u

52 ABISIIOTCS MPUMEPAMU UHTETPAJIOB IAHHOTO THUIIA.

Ipumep 59.
2 5x+2 2 5x+2 Sx+2 2 E 2 5x+2 = Sx+2
J.x € dx dv: eSx+2 dx — = I eSx+2 dx:% eSx+2 - Sx € J. 5 - SJ‘XE dx
[Tocnennuii UHTErpaJl BEIYUCIIEH HaMu B ipuMepe S52. [Tonydaem:
1 2 2
IX2€SX+2dX: 252 L S L sxe +C
5 25 125

2. PaccMOTpuM MHTETpaibl CIETYIOIEr0 BUAA!

[ Px)- InGlec+b)dx, [ P(x)-arcsindee+b)dx| P(x)-arccosor+ b)dy, [ P(x)-arctglioc+b)dx,

j P(x)-arcctg(kx +b)dx. DT MHTErpabl TAKKE BEIYUCIIAIOTCS C TOMOIILI0 (POPMYJIbI

(26), npuuem Bcerga noyaraloTdv = P (x)dx, adepe3u 0003HAYAIOT OCTAILHOE
BEIPKEHHUE, CTOSIIEE O] 3HAKOM WHTErpaJa.

LIpumep 60.

u=lnx = du=——-
. S
dv=(Tx+3)dx = v=[(Tx+3)dr=——+3

(7)62 3 J 1 J(7x 3) (7x2 3 j | 7x? 3
— +3x |- Inx—=l =+3 |dx= +3x |-Inx— “3x+C
2 2 2 4 )

3. MHrerpansl BUIa J‘ek‘”b‘ sin(k,x+b, )dx n J """ cos(k,x+b,)dx BBRAUCIAIOTCS

JIBYKPAaTHBIM HHTETPUPOBAHHEM IO YacTsAM. B pesynbrare 3TOro JABYKpaTHOTO
UHTETPUPOBAHUS BHOBb IIOJYYaeTCsl MCXOJHBIA HMHTErpaj, 3areM o0a HHTerpania
NEPEHOCATCS. B OAHY CTOPOHY, OOBEIUHSIOTCS U BBIPAKAIOTCS M3 MOJYYEHHOIO
ypaBHEHHUS.
Ilpumep 61.
u=cos(3x+2) = du=—3sin(3x+2)dx

— 2x — 1
I J e” cos(3x+2)dx A= dx :W:J‘ezx dx__z o

3
= ¢ cos(3e 42+ [e>sinGr+2)d=
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1 u=sin(3x+2) = du=3co0s(3x+2) 3
_ 2x 1 a2 _ | o ):
et P Je P +2(2e sin(3e+2)— [ cos(@r+2)a

1 3 9 1 3 9
=5e2" cos(3x +2)+Zezx sin(3x+2)—zj.e2x cos(3x+2)dx=§e2x cos(3x+2)+ze2x sin(3x+2)—z-1 ,

1 3, . 9
B pesynbrate momyummu: | =5€2xCOS(3X+2)+Z€2XSm(3x+2)—1'1 . Pemaem 91O

ypaBHEHHE OTHOCUTEIBHO [ :

B, %ezx cos(3x+2)+ %ezx sin(3x+2) = [ = %ezx cos(3x+2)+ %ezx sin(3x+2)+C

4
Jleknusall

KOHCprKHHﬂ U BBIYUCJICHHUE ONPEACJTCHHOI0O HHTEIpaJia

KoHcTpykius onpeieieHHOTo HHTETrpaia
[IpoBenem momaroByr0 KOHCTPYKIIUIO OMPEICICHHOTO HHTErpaia OT QyHKIIMH
y=f(x), ompeneneHHON Ha OTpe3ke [a,h], THe a < b .
Ilar 1. PazoObeM oTpe3ok [a,b] TPOU3BONBHBIM 00pa30M Han CMEXKHBIX
OTPE3KOB C MOMOIIbIO TOYEK ApobaeHus x, (puc. 5). OueBUnHO, Ax, :=x, —x,, €CTb
JUIMHA OTpeE3Ka [xk_l,xk], k=12,..,n. MakCUMyM JJIMH BCEX MOJYYEHHBIX OTPE3KOB

0003HauuM 4yepe3 d, T.e.d= max Ax,. OTO UYHCIO HA3bIBAETCA JUAMETPOM

k=1,2,...,n
NOJIy4YEeHHOTO pa3OHUEHHUS.
ylk

y=f(x)

0 Xo=a X X2 X3 X1 Xy= X

Puc.5
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Ilar 2. Ha kaxxJI0M U3 OTPE3KOB [xk_l,xk] IPOU3BOJIBHBIM 00pa3oM BbIOEpEM

TOUKY &, (pucC. 6) U COCTaBUM TaK HAa3bIBAEMYIO UHTEIPAIBHYIO CYyMMY:

S, = £(6)- A + £(6)- Ay 4ot £(6)- A, = Y 1(6) A,

f(&n)
f(&3)

fl&2)
fer)

0 Xo=a & X1 & X2 &3 X3 X1 & Xp=b X
Puc. 6

3aMeTI/IM, YTO B3ATBIC TOYKHU é’; ; MOT'YT COBIIaJIaTb C TOYKaMM1 I[pO6J'IeHI/I$I.

IMar 3. IlepexoguM K mpeneny HMHTETPAIbHOM CYMMBI, IPEANOJaras, 4ro
YUCJIO TOYEK JpoOJeHUsT OECKOHEYHO BO3pACTaeT TaKMM O0pa3oM, 4YTO JUaAMETP
pasOuenuss d cTpeMuTcsa K HyJd (mocleaHee  ycioBue oOecredynBaeT
[IOCJIEOBATEIbHOE PABHOMEPHOE HM3MEIBYEHUE BCEX HWHTEPBAIOB APOOJICHHUS
oTpeska [a,b]).

Onpeoenenue 35. Ecnu nipenen LirrOlSn CYIIIECTBYET U HE 3aBUCHUT HU OT criocoba

—
IpoOsieHust oTpe3ka [a,b], HU OT BBIOOpPA TOUEK &,, TO ITOT MpEJEN Ha3bIBACTCA
onpeoenienubim unmezpanombyukiuu y = f(x) Ha orpes3ke [a,b] U 0003HAUAETCS

b
J' f(x)dx, a pyHKUMS Ha3bIBaeTCsl MHTETpUpyeMor Ha [a,b]. Uucno a Ha3bIBaeTcs
a

HUKHUM TIPEJIeTIOM JIaHHOT'O MHTErpaja, a Yucjao b — BEpXHUM IPEIETIOM.
Takum 0Opaszom, onpeneneHue 35 BeIpakaeTcs GopMyIIoi:

[ Fdv=tim3 £(£,)-Ax,. @)
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Teopema 22. Ecin ¢yHkuusa y=f(x) HempepblBHa Ha OTpe3ke [a,b], TO

b
onpeseneH bl HuTerpan | f(x)dx CymecTByer.

|
JlonosHuM omnpenenenue 35 cirydaeM, KOrJa HUKHUN MPENENn ONPEaEIEHHOIO
UHTerpasa 0osblle (WM paBeH) BEpXHero npeena. s 3Toro mnojaraem:

[ £ G0y =] £ (x)d (28)

U3 popmynsl (28) HEMEIEHHO CEIYET, YTO €CJIM HIKHUM Mpeien HHTerpaia
COBIAJIAET C BEPXHUM IIPEAEIIOM (T.€.a@ = b ), TO ITOT UHTETPAJ PaBEH HYJIIO:

j.f(x)dx =0. (29)

CBoiicTBa ONpeAEICHHOTO UHTErpaia
[Ipeanonoxum, uro ¢yskmuu y= f(x) u y=g(x) UHTErpUpyemMbl Ha
oTpeske [a,b].

1. [lycTth o 1 B — neficTBUTENBHBIE Yncia. Toraa crpaBeIiBO pAaBEHCTBO

b b b (30)
[l £+ p-g()lix = af f(x)dx + B[ g(x)dx,
KOTOPOE BBIPAYKACT CEOUCHIBO JIUHEHHOCHU OTIPEIICICHHOT0 HHTETpaJa.
2. Ecomu f(x)>0 nis Bcex x €[a,b], TO
b
[f(x)dx=0. (31)
(ceolicmeo no3umueHocmu ONPEICICHHOTO UHTETPAA).
3. Ecmu f(x)> g(x) st Bcex x €[a,b], TO
(32)

b b
_[f(x)dx > .[g(x)dx.
(ce0iicmeo monomonnocmu ONIPEICIICHHOTO UHTErPaJIa).
4. ChpaBeqjiuBO CIEAYIOIIEE CBOUCHEO HOPMUPOBKU OTPEACICHHOIO
UHTErpaja:
b b 33
[dx=[ldx=b-a. (33)
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5. Ilycth miis Bcex x €la,blm < f(x)<M , rae m u M — neiiCTBUTENIbHBIC YHCIIA.

Torz[a CIipaBCJiMBa CJICaAyrouiast oyeHKa onpe@eﬂermozo unmezpana:

m(b—a) < j F(x)dx <M (b-a). (34)

6. CrpaBeuiiBa meopema 0 cpeoHem 3HAYeHUuU ONPEIEICHHOIO MHTErpaja:
ecnu QyHKIMS y=f(x) HeNpepbIBHA Ha OTpe3Ke [a,b], TO CYLIECTBYET Takas TOUYKa

€ €(a,b), uTO

[ pde = /@), 2

7. IlycTh TOYKM a, b W ¢ JNeXaT B MHTEpBaje, HAa KOTOPOM (QyHKIHSA y=f(x)

uHTerpupyema. Torga chopaBedJIMBO CIEAYIOIIEE CEOUCHEO A0OUMUGHOCHU

OIIpCACIICHHOI'O MHTCIpaia:

G+ £ = £, (36)

Brruncnenue onpeeneHHbIX HHTETPaIoB
B sToM pasznmene Mbl OyneMm mpeamnosiaraTh, YTO paccMarpuBaeMasi QyHKLHS

y = f(x) HenpepbIBHA HA OTpe3Ke [a,b] U, clenoBaTeIbHO, IO TeopeMe 21 uHrerpai

b
J' f(x)dx cymectByeT. s ynoocTBa Mbl 4acTo OyaeM oJiHy OyKBY, 0003HaYaroIIy0

b
IIEPEMEHHYI0 HWHTETPUPOBAHMSA, 3aMEHATH Apyrou. Hampumep, Bmecto I f(x)dx

a

b
OyneM mucarthb j f(t)dt , 9TO HEe U3MEHSET 3HaYeHHs] MHTEerpana (CM. KOHCTPYKIHIO

OTpeICTICHHOT0 UHTETpalia).

Teopema 23 (0 mNpPOU3BOJHOM OT HMHTErpaja C INEPEMEHHBIM BEPXHUM
npeaenoM). DOyHKIMSA CD(x):I f(t)dt HenpepplBHAa Ha oOTpe3ke [a,b] w

mupdepenunupyema Ha wuHTepBasie (a,b). Ilpu stom nmnsix € (a,b) copaBemuBa

dbopmyna:
D' (x) = f(x), (37)
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T.e. pyHKuusa D(x) sABIAsIETCS epBOOOpa3HOn GyHKIMU f(x) Ha uHTEepBae (a,b).

|
Teopema 24. (dbopmyna Herotona-JleliOuuma). Ecmu Qyskums  F(x)

HEeTMpephiBHA HA OTpe3Ke [a,b], a HAa uHTepBale (a,b) SBISIETCS NEPBOOOpPa3HOM

byskun f(x), TOo cupaBenuBa ciueayromas popmyna Hetorona-Jleitbnuna:
b
[ f()dx = F(x)|| = F(b)- F(a) (38)

(BelpaxkeHue B cepeauHe ¢dopmyibl (38) ecTh JUIIbL MHAs 3alKCh BbIPAXKEHUS,

CTOSIIIIETO CIIPaBa).

3
Ilpumep 62. Berancnum unterpan [ = J.(x + S é]dx. Nmeem:
1

Jxoox

3 3

—51nx‘13 =

I=j(x+%—dexzj.xdx+3jx_;dx—5j@=%z +6x%
1 X 1 X

X 1 1

1 1

:%—%+6\/§—6—Sln3+51n1=6\/§—2—51I13-

Teopema 25 (popMyna 3amMeHBl NMEPEMEHHON B ONPEIEICHHOM HHTErpase).

[lycts dyHKUIUS X = @(f) UMEET MPOU3BOJHYIO BO BCEX TOUYKAaX OTpe3ka [a,B] u
0TOOpa)kaeT 3TOT OTPE30K Ha OTPEe30K [a,b] TakuMm oOpasoMm, 4To a =@(a) H
b=@(f). Torna

(39)
m

A b

[ Flo®)p (0)dr = [ f(x)dx.

a al
IIpumep 63. Beruncnum unTerpan [ = I N1+t dt . Tlpumenum popmyay (39):

1+¢* = x=2tdt = dx

1 :>tdt=ldx .
[=[tN1+2dr = 27 =[x
0 1

tr=0->x=1

2

(2v2-1).

a’x=lx2
3

1 _1
2 3

1

t=1->x=2
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Teopema 26(dhopMyna UHTETPpUPOBAHUA IO YaCTIM B ONPEACICHHOM

unterpane). Ilyctb GyHkuum u(x) U v(x) UMEOT NPOU3BOJHBIE BO BCEX TOUYKaX

otpeska [a,b]. Toraa:

(40)

b b
b
judv = uv‘ —Ivdu .
a [ |
a a

1
IIpumep 64. Beruucnum unterpan [ = I xe**dx . [Ipumenum dopmyy (40):
0

u=x=du =dx; 1 ,
e 1 ,,

1
—l_[e“dx:———e ’
2% 2 4

1
I= _[xe“dx = dv=e"dr=> |= ;xezx
0

v=[e"dx= s '
2

Jlexnusal2

IIpumeHeHue onpeae/ieHHOro uHTerpaJa. /[BoiiHoi MHTErpaJ.

HpI/IMeHeHI/Ie OIIpCACIICHHOI'O MHTCTPaJia K BBIYUCIICHUTO

IIOMIAJieH, 00BEMOB U JUTHH

rt Teopema 27. llycth
y= f(x) bymxman y = f(x) n y = g(x)
HEIPEPBIBHBI HA OTpE3Ke [a,b],

npuueM f(x) > g(x) amsa Bcex

D x€la,b]. Torma mIoOWIAIb
y=g(x)
buryps ABCD (puc.7),

v

OTpaHNYEHHOU rpadukamMu
Puc. 7 P pag

ynxuit y = f(x) u y = g(x),

a TaKXe NpSIMBIMH X =@ U X = b, BeIYUCIsieTcs no popmyie:

S en = |Lf (x)— g (x)]dx. (41)
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3ameTuM, 4TO TeopeMa 27 COXpaHAeT CWIy M B ciy4ae, Korja (yHKIHH
y=f(x) n y=g(x) KyCOUHO-HETPEPHIBHBI Ha OTpPE3KE [a,b].

Ipumep 65. BeraucnuMm 1wiomaas IOCKOH (GUTypbl, OTPAaHUYECHHON JIMHUSIMU

y=4-x’mny= %x — 3 (puc. 8).

YA
3
=3
-3,5 2 R
0 o -
y:4—x2

Puc. 8

B nanHOM crydae g(x) = % .x—3 —mpsmas, a f(x)=4—x" — mapabona. Ha puc. 8

npeacTaBiieHbl rpaduku 3Tux GyHknwid. Haiimem aGciiuccsl a u b TOUeK epecedeHUs

JAHHBIX JIUHUI, U1 4Yero pemuM ypaBHeHue g(x) = f(x):

%-x—3:4—x2:>x2 +%-x—7:0 = 2x+3x-14=0>

=319 +112 —3i11:> 7

X, 1 = xlz—Eza,x2:2=b.

[Ipumensia teneps hopmyny (40), HaliieM HCKOMYIO TUIOLIAb:

S = j[(4—x2)—(%x—3)}dx: j.(—xz —%x+7)a’x=[—x§—3z2 +7xj

7
2

3 ) 3 2
= _2__3 2 +7-2 - _l(_Z) _E(_Z) +7(_Zj :@_
3 4 30 2) 4l 2 2 48
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O6macte ABCD, o KOTOpod TOBOpUTCS B TeopeMe 27, «XOpOUIo
IPOCKTUPYETCs» Ha och Ox. Takue oOmacTu Mbl OyjJeM Ha3bIBaTh 00JacTAMH 1-ro
TUTIA. AHaJOrM4YHas TeopeMa BEpHa s oOyiacTeld 2-TO THUIA, KOTOPHIE XOPOIIO

IIPOEKTUPYIOTCA Ha OCh Oy .

Teopema 27", Tlyctb GyHKIpH x = @(y) U x = () HEIPEPHIBHEI HA OTPE3Ke
[c,d], mpuuem @(y)>w(y) s Bcex yelc,d]. Torma mmomanas Qurypsl,
orpaHu4eHHou rpapukamu GyHKIU x = @(y) U x =y (y), a TaKKe NPIMBIMU ) = C

U y =d , BBIUUCIAETCS 10 popmyJie:

5 = [1p()-w (). *2)

Teopema 28. O0bemM Tena BpallleHUs], TTOJIYYAIOMIETOCSd OT BpAIIECHUS BOKPYT
ocu Ox KpHUBOJIMHEHWHOW Tpamnenuu aABb, Tne AB — Jnyra KpuBoud y=f(x),

BBIYUCIISETCA 110 (hopMyIe:

v, =[] dr. 43)

O6beMm Tema, 00Opa3oBaHHOTO BpallleHHEM BOKPYT OcH OYKpHUBOJIWHEWHOMN
Tpaneuuu cABd, rne AB — nyra kpuBoi x=¢(y) (puc. 9), onpeaensiercs Gopmyoii:

v, ==lloldy. (442




Ilpumep 66. Beruncnum 00beM Tella, MOJIYyYEHHOIO BpallleHUeM BOKpYT ocu Ox

napabonel Y =+ x+4,-4<x<0 (puc. 10).

- I“'LZ
Puc. 10

Jlns BeIYMCIIeHUsT 00beMa Tesa BpallleH!s Bocoib3yemcs Gpopmyroit (43):

v, = ﬂi[\/m]zdx = ﬂ{x—;+4x}

=8r.

0
-4

IIpumep 67. Beraucaum 0o0beM Tesa, MOJYYEHHOTO BpallleHUEM BOKPYT ocu Oy

NOJIyKyOM4€eCKOM mapaboiibl x = \/? ,0<y <1 (puc. 11).

Puc. 11

B nmanHOM ciryuae mpumMensieM hopmyiny (44):

1 1 4!
v, =7T'([[\/?]2dy=ﬂ£y3dy=ﬂy7 :%.
0

Teopema 29. PaccMOTpUM IapaMETpUYECKHME YPABHEHHUS IyI'M HEKOTOPOH

IIPOCTPAHCTBEHHOW KPUBOM:

x = x(1);
y=y(1), t; <t <1,
z = z(t).

Jlnunaa [ maHHOUW AYTH BBIYHCIACTCS 10 hopMyTIe:

r > > > 4
1= [ of +y Of +[2 0f dr. (43)
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Ta xe ¢gopmymna (45), B KOTOpO# cleayeT MOJOXKHUTh z(1)=0, COXpaHSETCS H
JUISL JIAHBL TyTH TJIOCKOW KPUBOM.
Ecnu ypaBHeHuE TMJIOCKOW KpHUBOM 3aJaeTcsi B JIEKAPTOBBIX KOOpAMHATAX

y=f(x),a<x<b, To 1MuHA AYTH BEIYUCIACTCA 110 (HOPMYJIE:

l:j'\/1+[f/(x)]2dx. (46:

a

KoHcTpykius 1BOMHOTO HHTETpaia
[IpoBemem momaroByr KOHCTPYKIIMIO JIBOMHOTO MHTErpajia oT QYHKIUU ABYX

NepEeMEHHBIX F(x,y), ONpEeACICHHOW B OTpaHMYCHHOW 3aMKHYTOH oOnactu D c R’

(3Ta KOHCTPYKIIMS COBEPIICHHO aHAJOTHYHA KOHCTPYKIIMU  OMPEICICHHOTO
UHTErpaa).

Huamerpom obmactu D (oOGo3HavaeTcs diam(D)) OyneM Ha3bIBaTh MAaKCHMYM

PACCTOSIHUI MEXKIy TOUYKaMH, TPOOETaroNMMHU OJHA HE3aBUCUMO OT JPYroi 00JIacTh

diam m

[Tmomane obnactu D Mbl Oyaem obo3HadaTh yepes w(D).

'J Ilar 1. Pa3oObem o00macTe D TPOU3BOJBHBIM 00pa3oM Ha

D:

nmoao0IacTe D,,D,,...,D,, KOTOpPbIE MOTYT NEPECEKATHCs TOJILKO

n?d

CBOMMHM TpaHUIaMU (CM. pHCYHOK). MakcuMyM JUamMeTpOB

obnmacret D,,D,,...,D, o0003HauuM uepe3 d, T.e.d = max diam(D,). DTO 4YHCIO
=1,2,...,n

n

Ha3BIBACTCS TUAMETPOM ITOJTYUYEHHOTO Pa30UCHUSI.

D ' Ilar 2. B kaxnoi w3 momobnacteil D, NPOU3BOIHHBIM

' m oOpazoM BbIOEpeM TOYKYy M ,(x,,y,) (CM. BTOpPOH PHCYHOK) U
COCTaBUM MHTETPAIILHYIO CYMMY:

n

S, =F(xl,y1)-u(D1)+F(x2,y2)-u(D2)+. .. +F(xn,yn)-p(Dn):ZF(xk,yk)-p(Dk).

k=1
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Ilar 3. IlepexoguM K mOpeneiry HMHTETPAJIbHOM CYMMBI, IPEANOJIaras, 4ro
quciao mojaobnacTed poOiieHHs OSCKOHEYHO BO3pacTaeT TaKMM oOO0pa3oM, YTO
auaMeTp pasoumeHuss d CTpeMUTCsS K HyJ0 (TMOoCleIHee YCIoBHUE OO0ecreunBaeT
MIOCIICIOBATEIbHOE PAaBHOMEPHOE W3MENBUCHHE BCEX TMOA00MacTe ApoOJIeHUS
obnactu D).

Onpeoenenue 36. Ecnu npenen ldinolSn CYIIIECTBYeT M HE 3aBHCHUT HH OT

—
crioco6a apoOuieHust odiact D, HA OoT BeiOopa Touek M, (x,,)y,), TO 3TOT mpeaer
HA3bIBACTCA 0B0UHbBIM uHmezparom  GyHkuuu F(x,y) mno obiactu D U

o0o3HavaeTcs ”F (x,y)dxdy .
D

Takum oOpasom, ornpesnesneHue 36 BeipakaeTcs (GOpMyJIOu:
JJF e p)dsdy=lim > F(x,, v, ) 1(D,) (47)
D =1

Teopema30. Ecnmu ¢ynknus F(x,y) HempepblBHA B 001acTH D, TO JBOWHOU

UHTErpal ”F (x,y)dxdy cymiecTByer.
D

Bce cemb CBOICTB, KOTOpble MBI CHOPMYIHUPOBATH JJsi OMPEIEICHHOTO

UHTErpaia, JIerko MoIu(pUIMPYOTCA B CBOMCTBA IBOMHOIO HHTErpasa.

CaeneHuie IBOWHOTO MHTErpaja K IOBTOPHOMY
Teopema 31. Ilyctb 001acTh D — R* SIBISIETCS 00MACThIO 1-TO THIIA M 3a/1aeTCs
a<x<bh
g(x) <y < f(x)

CYILIECTBYET, TO CIpaBe/JIMBa cieayroas GopMyia CBeJCHHs ABOMHOIO MHTETpalia

HEPaBEHCTBAMU: D:{ (puc. 7). Ecam wunTerpan _”F (x, y)dxdy

K [IOBTOPHOMY:

b S(x)
[[F (x, yydxdy = [dx [F(x,y)dy. (48)

a  g(x)
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Hanum HekoTopble osicHeHust K popmyuie (48). [Ipu BeIYMCIEHHH TOBTOPHOTO

e
VMHTETpajla CIIpaBa CHayaja BBIYMCIIETCS BHYTPEHHUN MHTETPAI _[F (x,y)dy . Ilpu
g(x)

ATOM (Ha BpeMsl BRIUUCIICHUSI BHYTPEHHETO UHTErpajia) IepeMeHHast x (puKcUpyercs,
T.€. C HEl HY>KHO 0oOpamaThCsi KaK ¢ MOCTOSIHHOW BeJMYMHOMN. MHTerpupoBanue xe

IPOU3BOJUTCS 1O TIEPEeMEHHOW ). BBIUMCIAMB BHYTPEHHHM MHTETpall, MBI

«pachukcupyem» x, KOTOpas BHOBb CTAaHOBUTCSI NepeMeHHOW. B 3axmrouenue mbl

BBIYKCIIIEM BHEIIHWM HHTErpan (OH Oepercs Mo MEpPeMEeHHOW X ), T.e. BBHIYHCIIAEM

b| f(x)
UHTeTrpa J. IF (x,y)dy |dx. Dto yxe nmenaercs OOBIYHBIM CIIOCOOOM, TaK Kak
aL g

BBIPA)KEHUE BHYTPHU KBAJpPATHBIX CKOOOK MpeAcTaBiigeT cOoO0W (YHKIMIO OHOM

IIEPEMEHHOU X .

Ilpumep 68. Beraucium ABONHON UHTErpa “ xydxdy ,tne D — MHOXECTBO
D

TOYCK IINIOCKOCTH, 3aJat0ICCCA CIICAYIOIMUMU YCIIOBUAMMU:

D={x,): y20, (x-2) +)* <1,

Paccmotpum puc. 12.

v 3neck a =1,b=3,g(x) =0. Jna HaxoxaeHUA
y=f(x)
BEPXHEW OrpaHUUYMBAOIICH 001acTh QYHKIIUU f(X)
m R HYHO Pa3pelIuTh OTHOCUTEIBHO ¥ YPABHEHUE
o 1 2 \3 «x

(x=2)*+y’ =1. Umeem:

y=8x)
Puc. 12 Y =1-(x=2),y=+J-x" +4x-3 = f(x)
(3HAYCHME KOPHS B3ATO CO 3HAKOM ILTIOC, TaK KaK M3 OMHMCAHUS 00JaCTH CIICTyeT
HepaBeHCTBO f(x) > 0).Mtak, 061acTh D MOXHO paccMaTpuBaTh Kak 001acTh 1-ro

1<x<3

tuna: D :
0<y<v—x+4x-3

. [Ipumenss opmyiny (47), noayyaem:

3 sy s s , N vans
[Javddy=[dv  [xydy=[dv-x [ydy=[dv-x"-
D 1 0 | o !

X
(ex +4x—3)dx =
!2(

0
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4

3 4 3
= ——+2x —éx dx = —x—+%x3—§x2 =—.
i 2 8 3 4 3

1

Teopema 31*. Eciu obnactb DecTh 00J1acTh 2-ro Tumna (cM. Teopemy 27%), T.e.

c<y<d
D: , U HUHTerpai _”F (x,y)dxdy cyiiecTByeT, TO CIpaBeInuBa
y(y)<x<o(y) D

cnenyromas Gopmysia CBE€HUs JBOMHOIr0 UHTErpaia K HIOBTOPHOMY:

d o(y)

”F(x V)dxdy = de _[F(x y)dx . (49)

c v (y)

.. X 2<y<4
IIpumep 69. BerancauMm ABOMHON UHTErpal ”—dxdy ,rae D: :
5y y<x<2y

Paccmotpum puc. 13.
y4 O603HaYNM
c=2,d=4y(y)=y.0(y)=2y.
[Ipumenssa opmyiy (49), noayyaem:

J.J. dxdy = .[dy.f dx _z[dy ;{xdx—

2|2y

L R IR ISP
. 2y—£2y (49> —y* Wy

0 X =]dy-

1 Sy

Puc. 13
4

37 3 3
== |ydy==y" 16-4)=9.
2_2[)’)’ 4y 4( )

2

PA3JAEJI 4. TUODPEPEHIIMAJIBHBIE YPABHEHUSA

Jleknusal3

OcHoBHbBIE OonpeaeIeHust

Onpeoenenue  37.00blIKHOBEHHBIM  OUhepeHyUAnbHBIM  YPAGHEHUEM

(kpaTko 1.y.) 1-ro mopsijika Ha3bIBaeTCsl ypaBHEHUE BUA!
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F(x,y,y/)zo, (50)
B KOTOPOM X — HE3aBUCHMas IEepEeMEeHHast, y = y(x) — uckomast QyHKuus, y' =y’ (x) —
ec mpousBogHas, a [ — 3amaHHas (QYHKIHS TPEX MEPEMEHHBIX, OMpEAeicHHAs B

HEKOTOPOil 0671aCTH MPOCTpaHCTBA R’ .

|
Onpeoenenue 38. Ecnn u3 ypasHeHus (50) MOKHO BHIPa3sHTh ', TO 3TO

YPAaBHCHHUC 3alIMChIBACTCA B BU/IC

v = f(x,), (50")
NN, 94TO TO K€ CaMOC, CHC,HYI'OHII/IM 06pa30M:
dy = f(x,y)dx (50™)

(mpennonaraercsi, 4tro GyHKUMS f(x,y) ONpelneleHa B HEKOTOpoW obiiactu

npoctpancta R*). J.y. (50) m (50"”) wnHaseBarotcs audepeHIHaIbHEIMU
ypaBHEHHSIMU 1-TO TTOPSAKA, pa3pelIeHHBIMA OTHOCUTEIIBHO MPOU3BOTHOM.
|

Onpeoenenue 39. Pewenuemn.y. (50), a taxxe 1.y. (50") u (50""), Ha3pIBaeTCs

bynkuus y = y(x), onpeneneHHas u nuddepeHnupyemMas Ha HEKOTOPOM HHTEpBaJIe
(a,b), xotopasi, Oyay4yu TMOJCTaBIeHa B JaHHBIC ypaBHEHHs, MpEBpallaeT UX B
TOXKJIECTBA (Ha (a,b), COOTBETCTBEHHO, BBITIOJHAIOTCS ~ TOXKJECTBA
Floy(),y'@)=0, (0= (o) nwm dx)= /(6 p(0))dx).  Oduun
peuwtenuemy.y. (50), (50") u (50'") HazbiBaeTcs GyHKIUS
y=0(x,0), (51)

yIOBJIETBOPSIONIAS YCIOBUSIM:

a) OHA SBISETCS peHIeHHeM JA.y. NpU JI000M KOHKPETHOM 3HAYCHHUH
napameTpa C (OH Ha3bIBAETCS MPOU3BOIHLHOM MOCTOSTHHOM);

0) mis 000N TOYKH (xo, yo) u3 obmactu ompexaeneHus QyHkiua f(x,y)
Harigercss Takoe 3HayenneC =C,, uyro ¢yakuus y=0¢ (x,C) yIOBIETBOPSET

COOTHOIICHHUIO:
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Yo = (P(xoaco)'

Haxoxnenne takoro C=C, 1o yclioBuoo y,= (p(xO,CO) Ha3bIBACTCSA
pewenuen 3a0auu Kowwu ¢ wavansupivu pauasivu (x,,y, ). Haiiiennyio takum
obpasom  dymkmmo ¥y =@(x,C,) HA3HIBAIOT  uacmmBIM  peuwieHUEMILY.,
YIOBIIETBOPSIOIAM HAYATLHBIM JAHHBIM (X,, Y, ).

Ecmu pemras a.y. 1-ro mopsjka, Mbl IojiydaeM OOBIYHOE YpaBHCHHE BHIA
d)(x, Vs C)=0, pa3peniuB KOTOPOE OTHOCHUTEIBHO ) MOXHO TOJYyYHUTh OOIee
pelIeHrue MCXOJHOTO 1.y., TO BBIPAKEHUE (D(x, y,C):O HA3bIBAIOT 0OU4UM

unmezpanom nudPpepeHnanbHOro ypaBHEHUSI.

]
VYpaBHEeHUS ¢ pa3ETSIONIMMUCS IEPEMEHHBIMU, OTHOPOAHBIC YPABHEHUS,
JIMHEVHbIE ypaBHEHUs, ypaBHEHUS bepryium

1. ZI.y. ¢ pazoenarwouwumuca nepemennviMu Ha3bIBACTCS yPaBHEHUE BUA!
V' =) £00), (52)
KOTOpPOE ¢ MOMOIIBI0 AU PepeHITnaIoB 4acTo 3aMKUChIBAIOT TaK:
M, (x)- M, (y)dx+ N,(x)- N,(y)dy =0 (52"

(11 mpocTOTHI MBI Beerna Oyaem mpexmonarath, yto ¢ynkmun N (x) u M,(y)

paccMaTpHUBAIOTCS Ha TE€X WHTEPBAIaX, Ha KOTOPBIX OHU HE OOpaIalTCs B HYJb, a

IMPUMCHSACMBIC PABHOCUJIBHBIC HpeO6p2130BaHI/I}I OTHOCATCA HMMCHHO K OTHM

UHTEPBAJIAM).

Pazngenvm nepemeHHbIe:

M1(x)dx:_N2(y)d .
N, (x) M,(y)

[Tocnennee ypaBHEHHE peIIaeTCs B3SITUEM NHTETPAJIOB OT JIEBOW M MPABOM YaCTEM:

fMl(x)dx:—j Nz(y)d .
N,(x) M,(y)

HpOI/IBBOJ'IBHaH roctossHHass C MOSBIISAETCS MOCJIE BEIUHMCICHUS dTUX HHTCTPAJIOB.

Ilpumep 70. Pemium n.y.
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4ydx —x(y—3)dy=0.
Paznenum nepemenHsle, mojenuB o0e 4yacTu ypaBHeHus Ha xy . [Tomyuum:

idx—y—_3dy=0 < ﬂdx:y—_3a’y.
X y X y

WNurterpupyem o0e 4acTH MOTYYEHHOTO YPaBHEHUS M BBIUKCISIEM MHTETPAJIbl:
4 _
=123 0 o afF _jay -3 Y o 4n|x|+C= y—3In| y.
X y X y

[TonydyeHHOE pPaBEHCTBO €CTh OOIIMI WHTErpajd HCXOJIHOTO YpaBHEHUS.
3amMeTuM, 4TO MPOMU3BOJIBHYIO MOCTOSHHYIO C TPHUHATO 3allMChIBATh B TOW CTOPOHE
I.y. C Pa3IensiolNUMUCA TEePEeMEHHBIMU, B KOTOPOW HaXOAUTCS HE3aBUCHMAs
NEepEMEHHAs X .

Ilpumep 71. Pemum 1.y.

/ 2x+3y

y =e

Paznennm nepemeHHbIe:

@ _ e’ -e3y<:>d—3y = e*"dx @dey =[e*dx s [edy = [e¥die
dx e’ e’
-3y 2x 2x

e _
3 +Ce™ =—

2x 2x
. —3C<:>—3y—ln(— 362 —3CJ<:>y——%ln(— 362 —3(?}

Ipumep 72 Pemmm muddepenupansroe ypasuenne: y'e® = yln® y .

vl

2
n
[TpeoOpa3yem maHHOE ypaBHEHHE: )’ = —xy Pa3znenum nepemenHsie:
e

d In’ d d. d

@_ymy . J; :_x@j yz =[e"dx.

dx e’ ylny e* yin~y

BpruuciauMm nepBbiii HHTETPAIL:

P !
—2 - :j—zt:ft_zdtz—t‘l+C:——+C.
yln®y |—dy=dt "¢ Iny

y

Takum 00pa3om, nmoxyyaem:
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! =)

——=——"+CeoIny=—— y=¢ .
Iny 4 e’ -C 4

2. O0HOpOOHBIM 0.y. HA3ZBIBACTCS YPABHEHUE BUIA
(52)
()
X

JIns penieHust 3Toro ypaBHEHUs BMECTO IEPEMEHHOMN Y BBOAST MEPEMEHHYIO Z
no ¢opMyne y=z-x, U3 KOTOpoil ciemyer, uto y =z -x+z-x' =z -x+z.
[Toncrapiisst 3TH BeIpaKeHUS B ypaBHEHUE (52), mojlyyaeM 1.y. BUAA:

2 x+z=f@)e 7 x=f(2)-z.
Hens o00e 4YacTH TMOJYYEHHOTO YpPaBHEHHMs Ha X, IOJIy4aeM YpaBHEHHUE C
pa3eSIOMUMHUCS IEPEMEHHBIMU I HAXO0XKICHUS PYHKITUH Z .

IIpumep 73. Tpennonaras, uto x >0 u x° — y° > 0, pelIuM ypaBHEHHUE

x-dy—(y+\/x2—y2)dx=0.

NmeewMm:

[2 .2 2
x-dy=(y+q/x2—y2)dx<:>%:y+ ); ) <:>y/:£+1/1—(£).

[Tonyuyennoe ypaBHenue umeer Buj (52). [IpumeHsisi omuMcaHHYIO BBIIIE 3aMEHY,

I[moJayvdacm:

dz dz dx
Zx+z=z41-z" =7 x=Al-z" = = x=Al-z = — =",
X 1-2> X

z

B »sToM ypaBHEeHHMM TIEpeMEHHBbIE pa3leeHbl, CIEI0BAaTeNbHO, MOXHO OpaTth

WHTETPAJIBI OT JIEBOU U IIPABOU YaCTEM:

<:>arcsinz=ln|x|+C<:>arcsinlzln|x|+C.
X

| dz i dx
V1-2z° X
[Tocneanee BhIpaxkeHue €CTh OO UHTETPaAT UCXOIHOTOI.Y.

3aMeTuM, 4YTO JA.y. U3 ImpuMmepa 73 aHaJIOIMYHO pPEIIAaeTCs MPU YCIOBHUAX

x<0 m x’—yp>>0 (uuTaTemo INPeJOCTABISAETCS PEIIUTh 3TO YPaBHEHHE M
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NOJIYYUTh OOIIMI  HHTerpan —arcsinZ:ln|x|+C ). Ecmm ke nomycTuTh
X

2 2
BO3MOKHOCTh paBeHCTBa X~ — )~ =0, TO JETKO MPOBEPUTh, YTO (PYHKIUU y =X U
y=-—X TaKkKe SBIAOTCA (0coObimu) PEUICHUSMU JAaHHOTO J.y., XOTS U HE

colepKaTcsi HU B OJHOM M3 TIOJYYEHHBIX OOIIMX WHTErpajgoB. Mbl Oynem

UTHOPHUPOBATH YIIOMSIHYThIE JIETAIIN.

b4

Ilpumep 74. Pemum nuddepeHnmanbHoe ypaBHEHHE: x)' = xe * + ).

Paznenum 06e yactu ypaBHeHus Ha x . MicxonHoe ypaBHeHue npuMet Bun (52):

2 y
y=e ¥ +=—.
X

BBeneM cienyronnyio 3aMeHy: Y zy, y=zx+z.
X

Torma nmosyunm:

-z -z
_ e dz e dx dx
Ixtz=e  +z =" —=—odi=—> [fdz=[—>
X dx x X X

= e :ln‘x‘ +C=z= ln(ln‘x‘ + C).
OO0miee penieHue UMEET BUI: ) = xln(ln‘x‘ +C )
3.¥Ypasnenuem bepuynnu Ha3piBaeTcs 1.y. BUIA
Y+ p(x) y=q(x)-y". (53)
Ecnu n =0, To ypaBHeHue (53) 0ObIYHO HA3BIBAIOT JIUHEUHBIM HEOOHOPOOHBIM

ypaeuenuem 1-20 nopaoka B cnydae, eciu ¢q(x)#0, U JauHelHbIM
O0OHOPOOHBIM ypasHenuem 1-2o nopsaoka B ciydae, ecnu g(x) =0 (mocneaHuit

TEPMUH HE MMEET HUKAKOTO OTHOIICHHS K OJHOPOJAHOMY YPaBHEHHMIO BHUA
(52)).Yame Bcero ypaBHeHue bepHyJu peliaroT ¢ MOMONIBI0 (pakTopu3aiuu

3aBUCUMOI NIEpeMEHHON. A UMEHHO, 3allUIIeM 3aBUCUMYIO IIEPEMEHHYI0 ) B
Bujne y=u(x)-v(x), rae v>0 — 3To KOHKpeTHass (PyHKIHS, KOTOPYH MbI

OyneM BbIOMpaTh Tak, Kak HaM yJ00HO, a # BBOJAUTCS BMeCTO y ((pakTuyecku
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1 ABTOMATHYECKH TIONydaeTcs Kak 2 ). Mmeem: ¥’ =u’ -v+u-v' . Tloxcrapiss
v

3aMEHBI I Y U y/ B ypaBHeHue (53), nomyyaem:

n

u v+u-v + p(x)u-v=g(x)-u" V" <u -v+u[v/ +p(x)-v]=q(x)-u” Y
Bribupaem pyHKIMI0 v TakuM 00pa3oM, YTOObI BBIpAXKEHHE B KBAJIPATHBIX CKOOKaX
v+ p(x)-v o0paTtuioce B HyJb, T.€. PEIIaéM OTHOCUTEIBHO V YPaBHEHHUE C

pas3aeIsIOIIMMUCS IIEPEMEHHBIMU:
v/ +p(x)-v=O@?=—p(x)'v@ﬂz—p(x)dXQIﬂ:—jp(x)dXQ
x % %

ohn|v|=—[ p(x)dx v =e PO,

[Ipu TakoM BbIOOpE V UJIEH, COIEpKAIMi KBaJpaTHbIe CKOOKH, MPOMaJaeT H

ypaBHEHUE (B MPEANOIOKEHUH, UTO u # () ) IPUHUMAET BUJ:

u' v=qx)-u" V" & %:CJ(JC)'M" V" & u"du=q(x)v" dx.
X

— o 1P

Tak kak v , TO Mbl TIIOJYYWIH YpPAaBHEHHE C Pa3AEIIIOLIMMHUCS

MMCPCMCHHBIMH JII HAXOXKACHUA (I)YHKI_II/II/I u.

3ameTtum, uyto mpun > 0paBeHctBou =0 maer ¢ynkuuto y =0, KoTopas B
ATOM Cily4ae Takxke sBIsgeTcs (0COObIM) pellieHueM ypaBHeHus (53).
IIpumep 75. Peruum ypasrenue bepuynmu y' —2xy =—xp*. B cooTBeTcTBHM

C BBIIICONMMUCAHHONW CXEMON pa300beM pEIICHHE ATOT0 ypPaBHEHHSI HAa HECKOJIBKO
ATAIOB.
Otan a):
y=u-v,y' =u'v+uw' =u'v+u’ - 2xuv=—-xuv* su'v+ u[v/ - 2xv]= —xu*v?.
Oran 0):
2

v —2xv= 0@?2 2xv<:>ﬂ: 2xdx<:>fﬂ: 2[xdxsIn|viExov=e" .
x v v
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3aMeTHM, YTO TIPU BBIYUCICHUH V MBI HE YYUTBIBAEM IPOU3BOJILHYIO
MOCTOSIHHY0, TaK KaK COTJIACHO 00IIel METOANKE JOCTATOYHO UMETh OJHY (PYHKITHIO
v , 00palIaroNIyto B HYJIb KBaIpaTHbIE CKOOKH.

Orar B):

2
u e =—xu'e’

2 i 2 ~ 2 ~ 2
! <:>d—=—xu4e3x Sutdu=—-xe dx < [u " du =—[xe’ dx.
x

Bpruuciaum BTOpoi HHTErpa:

t:3.x2 t 3x2
322 ’ 1 ¢ e e
Jxe™ dx dt=6xdx:>xdx=%dt 6Ie 6 6
Takum 00pa3om, nmosyyaem:
-3 322
T S W
-3 6 u

2

Ilpumep 76. Pemum ypaBHeHue ' +y = (cosx—sin x)y . OJTO Takxke

ypaBHeHHE bepHyum.
a) y=u-v,y =uv+w' =>uv+u +uv= (C()S)c—sin)c)142v2 =
S ulv u[v/ + v]: (cosx —sin x)u2v2 .

0) v’+v:0@?z—v@ﬂz—dx@ln|v|z—x<:>v=e_x.
RS %

B) u'e™ = (cosx —sinxu’e™ @% =(cosx —sin xJu’e ™" =
pt

u?du = (cosx—sinx)e “dx< [u"2du=[cosx-e “dx—[sinx-e dx.
K uHTErpajy ¢ KOCHHYCOM NPUMEHUM (hOpMyITy HHTETPUPOBAHHS IO YACTSIM:

- U=e X 5>dU=—e"dx| —x . . -
[eosx-e "dx= =e "V sinx+ [sinx-e Fdx.
dV =cosxdx > V =sinx

Takum oOpazom,
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-1
u v . _ . . I
¢ “sinx+ [sinx-e dx—[sinx-e'dx=e¢"sinx+C<

1 Cx e 1
o—=—e"sinx-Cou=————.
u e sinx+C

e’ 1
) y=uv=— — =—— —.
e’'sinx+C sinx+C-e

Ipumep 77. Pemium quddepenunansHoe ypaBHenue: 3xdy =(y + 6x> )dx .
[IpeobpazyeM UCXOAHOE.Y. CIEAYIOIINM 00pa3oMm:

dy (y+6x2) , 1
— = 2 Y ——y=2x.
dx 3x Y 3xy

[Tonyunnu nuHeHOEe HEOTHOPOAHOE 1.y. 1-ro mopsiaka (cMm. (53)).

Tak K€, KaK U B IIPCABIAYIIHUX ITPUMCPAX, IIPOBCACM PCUHICHUC B HCCKOJIBKO 3TAIIOB.

1 1
a) y=uv, y':u’v+uv':>u'v+uv’—3—uv:2x:>u’v+u v’—3—v =2x.
X X

0) yodyoon o1, dv_dx_ dv_ @:ln‘v‘:lln‘x‘:\/:i/}.
3x dx 3x v  3x v 3x 3
2/3 2/3 6x°

B) u'¥x =2x= u' =2x7 :>u:2jx dx = u= +C.

5/3
r) y= Ox +C x1/3=§x2+Cx1/3.

5 5

Jlekuus 14

JAu¢pepeHunanbHbie yPABHEHHUS 2-I'0 OPAAKA

OcHOBHBIE OIpeeNeH s, CBSI3aHHbIE ¢ Nu(PepeHInanbHBIMU
YpPaBHEHUSIMU 2-TO TOPsIAKA
Onpeoenenue 40.00bIKH06eHHBIM OUuPepenyuanvublm ypasHeHuem 2-ro

IopssaAKa Ha3bIBACTCA YPABHCHUC BUIA:

F(x,»,y',y")=0, (54)
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B KOTOPOM X — He3aBHCHMas IepeMeHHas, ¥ = y(x) — uckomas ¢pynkuus, y' = ' (x)
u y" =y"(x) — ee meppasg u BTOpas mpousBoAHbIe, a F — 3amaHHas (QyHKIUS

YEeTBIPEX IIEPEMEHHBIX, ONPE/IEICHHAs B HEKOTOPO 00J1acTH IIPOCTpaHcTBa R*.
|

Onpeoenenue 41. Ecin n3 ypaBHenust (54) MOXHO BBIpa3uTh ', TO 3TO

b

ypaBHEHUE 3aMUChIBACTCS B BUJIE
1 /
Y= (x0,)") (54')
(mpexmonaraercsa, uto QyHkims f(x,y,y’) ompedeneHa B HEKOTOPOH o0OmacTH

IpOCTpaHCTBa R*) M Ha3biBaeTcs AU epeHInaIbHbIM ypaBHEHHEM 2-TO TOpsIKa,
pa3pelIEeHHBIM OTHOCUTEIIBHO CTApUIEN MPOU3BOIHOM.

|

Onpeoenenue 42.Pewmenuemn.y. (54)u n.y. (54'), nHaspiBaeTcs (QyHKIUS

y = y(x), onpeneneHHas u ABaxabl nuddepeHimrpyemas Ha HEKOTOPOM HHTEpBaJie
(a,b), xotopasi, Oyay4yu TMOJCTaBIeHa B JaHHBIC YpaBHEHHs, IMpEBpallaeT UX B
toxaectBa (T.e. Ha (a,b), COOTBETCTBEHHO, BBINOJHSIOTCA  TOXJIECTBA
F (x, (%), (x),y" (x))E 0 wm y'(x)=f (x, y(x),y’ (x)). Oowgum pewtenuemn.y.
(54) u (54') HazpiBaeTcs GyHKITUS

y=0(x,C,,C,), (55)
yIOBIIETBOPSIONIAS YCIOBUSIM:

a) OHa ABJCTCA PCHICHHUCM MO.y. IIpH JTFOOBIX KOHKPECTHBIX 3HAYCHUAX

napametpoB C] u C5 (3T mapamMeTpbl Ha3bIBAIOTCS MPOU3BOJIBLHBIMH MOCTOSTHHBIMH);
0) s 000N TOYKH (x ! ) U3 00yacTu omnpeneneHus (QyHKIUHA
A 09Y0s Vo pea YHKI

f(x,y,y") maiinyrca takme 3Hauenms C,=C u C,=C), uro QyHKUUS

y=0¢(x,C,,C,) yIoBIeTBOPSET COOTHOIICHHUSM:
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{yo = 90>, C57); 56

" — 0)  ~(0)
Yo =0'(x, C175 C37).
Haxoxnenne takux C, =C” u C, =C” u3 coorHomenuii (56) Ha3bIBaeTCS
/ o
pemeHreM 3aaaun Komm ¢ HauyaJbHBIMU YCIIOBUSIMU (xo, Voo yo). Haiinennyro Takum

obpazom pyHkumo y =@ (x,C/,C;) Ha3BIBAIOT YACTHBIM PELICHHEM J1.Y.

Ecmu, pemas n.y. 2-ro mopsika, Mbl TIOJly4aeM OOBIYHOE ypaBHEHHE BHJIA
CD(x, Vs CI,CZ):O, paspenimB KOTOPOE OTHOCHTEIBHO ) MOYKHO IOJIYYUTh OOIee
peleHrne MCXOAHOTO J.y., TO BBIpaKEHHE CD(x, Vs CI,C2)=O Ha3bIBAIOT OOIINM

UHTErpajoM 3Toro AuddepeHnaIbHOr0 YpaBHEHHUS.

Huddepennnansubie ypaBHEHUS 2-TO TIOPSIKA,
JIOITy CKAIOIIUE MIOHMKEHHUE MTOPSAIKA
1.Ilycte npaBast yacTh ypaBHeHUd (54') 3aBUCUT TOJIBKO OT X, T.€. YpaBHEHUE

UMEET BUJ:
V=), (57)
Torz[ay/ =] f()dx=0,(x)+C,, y=]¢,(x)dx+Cix=¢,(x)+Cx+C,.
2.Ilyctb nieBast yacTh ypaBHeHUs (54) HE 3aBUCHUT OT V, T.€. YPABHEHUE HUMEET
BHI:
F(x,y',y")=0. (58)
Ecnu caenats 3ameny y' = z(x), To y” =z'(X), 1 MBI IpUXOAUM K ypaBHEHHIO 1-TO
nopsinka F(x,z,z' ) =0, KOTOpoe WHOTJa MOKET OBITh PEIIEHO OJHUM M3 MPHUEMOB,
ONMCAHHKIX BhiIe. Haiifs z, U3 cooTHOmEHUs ' = z HAXOUM ).

3.Ilycth neBast yacTh ypaBHeHUs (54) HE 3aBUCUT OT X,T.€. yPaBHEHHE MUMEET

BUA:

F(y,y',y")=0. (59)
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Ecnu cumenars 3ameny y' =z(y), To mo npasuiy audQepeHIUpOBaHUs CIOKHOIM
Gynkuun y” =z'(y)-y'(x)=z' -z, u MBI DpuXomuM K ypaBHeHHIO 1-ro mopsaka
F(y,z,z -z)=0, B KOTOPOM HE3aBUCHMOI IIEPEMEHHOIl ClleyeT CUUTaTh
NEPEMEHHYI0 V, a MCKOMas (PYHKUMsSI Z 3aBUCUT OT). DTO ypaBHEHUE HHOI/A

MOJKET OBITh pemIcHO0 OJHUM M3 IPUCMOB, OIIMCAHHBIX BBILIC. Haﬁﬂﬂ z, U3

cooTHomeHus y' = z(y)onpenensiem y .

Ipumep 78. Pemum n.y. y” =3sin xcos” x. Ono umeet Buz (57), HoITOMY:

=3[t’dt=—1 +C, =—cos’ x+C,.

) ) , t=cosx
¥y =[3sinxcos” xdx=

dt = —sinxdx=sinxdx=—d
CraenoBaTeibHO,
y =—[cos’ xdx + C,x = —[cos’ xcos xdx + C,x = —| (1 —sin’ x)cosxdx +Cx =

t=sinx

= —[cosxdx + [sin’ xcos xdx + C,x = —sinx + C,x + [sin® x cos xdx =

dt = cos xdx
3

. . t 1. .
:—smx+C1x+jt2ah‘=—s1nx+C1x+?+C2 =§sm3x—smx+Clx+C2.

/

Ipumep 79. Pemum n.y. xp’ =y’ ln(y—j. Ono umeer Bup (58). Iloatomy

X

npuMensieM 3ameny ' =z(x), y’ =z'(x) m cBomuMm wucxomHoemy. K A.y. 1-ro

xz' =Zln(£j<:>z/ ziln(i).
X x \x

DTO 1.y. SABISETCS OJHOPOJHBIM 1.y. 1-ro mopsiaka. Pemraem ero, BBoAsS BMECTO Z

MopsiJIKa:

HOBYIO QYHKIHUIO Z :

Z=lor=Ix=z =Z'x+ 7.
X

B pesynbraTe 5TOM 3aMEHBl JIAHHOE YpPaBHEHHE MPUBOAUTCA K J.y. C

PasaACIAIOIMUMHACA IICPCMCHHBIMU
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Zx+Z=7mze% - Z(nZ 1) xdZ =Z(InZ —1)dx.

dx
Pa3z[en;1;1 IICPCMCHHEBIC, IT10JIY4YaCM:
dz dx dz dx
-l =l
Zmz-1) x 'Z(mZ-1)
d7Z t=InZ/Z -1 dt
Tak kaK [————~ = dZ |=[—=Int=In(InZ -1), To
IZ(an—l) dt =— It ( )

In(InZ-1)=Inx+InC,<n(nZ-1)=In(Cx)o>mZ-1=Cx=Z =V,

Tenepb BO3BpaiacMcCA K CTApbIM IICPCMCHHBIM:

dy U=x = du=dx
L O+l ay o cp+l o Cx+l . J‘ Cpx+l g 1 _
z=xe = o =xe Sdy=xe"dx & y=|xe " dx = dy = gy = = — el =
Cl
X con 1 Cprtl X ol 1 con
=—e" ——J.e dx=—e " ——e " +C,.
Cl Cl Cl Cl

OTMCTI/IM, 4TO, KaK BCCTra, 3HAKU PABHOCHJIIBHOCTH ITIOHUMAJINCh Y HAC Ha 06J'IaCT}IX,

/i€ JaHHbIE PABHOCUJIIBHOCTH MOKHO OBLIO 3amKcarh.

Ipumep 80. Pemmum 1.y. yy" — (y/ )2 = 3°In y. Ono nmeet Bua (59). IToatomy
npumensieM 3ameny y' =z(y), v' =z/(y)-y'(x) =z’ -z u cBomuM ucxonHOe A.y. K
n.y. 1-ro mopsaka yzz' —z> = y°Iny. JleleHueM Ha yz NPUBOJUM 3TO ypaBHEHHE K
n.y. bepHynu:

z' —lz=ylny-z_1.

Pa3o0neM penieHue Ha STarbl:
/ / /
a) z=uv=>z =u'v+uv =

1 |
uv+u ——uy= ylny'u_lv_1<:>u/v+u{v/ ——v} =ylny-u'v’
y y

(3aMeTuM, 4TO TaK KakK z 3aBUCUT OT Y, TO U (DYHKIMH U U V 3aBUCST OT ));

6) v/ —lv:0<:>ﬂ:d—y<:>j

ﬂ=fﬂ<:>lnv=lny<:>v=y;
Y v Y v Y
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B) u’y:ylny-u—ly—lgy.?:lny.u—l <:>udu=m—ydy<:>judu:jm_ydy,

t=Iny £ In’
TaKKaKf Yy = df = dy|= fla’t—3+C— y+C1,Ton0J1yqaeM:
y
y

2 2

%:ln2y+cl<:>u:w/ln2y+2cl ;
r) z = yyIn’ y+2C, .
dy

Bcrnomunas TCIICPb, UYTO Z = d_ , HIMCCM:
X

d—y:y1/1n2y+2C1<:> b =dx&e| b =x+C
dx y/In’ y +2C, y/In’ y +2C,

t=Iny
jm Infr +47* +2€, ) = In{ln y +fin> y +2C, ),

dy

Tak xak jym

TO OOIIWNA UHTETPa UCXOTHOTO/1.Y. UMEET BUI: ln(ln y+ A/In’ v+2C, )z x+C,.
IIpumep 81. Pemuts nuddepennnanbHoe ypaBHeHue: V' = x\/? :
D10  ypaBHenwe wuMeer Bux  (58). IlodToMy — MCHOmB3ys  3aMeHy
V' =z(x), y"=z'(x), cBeIeM HCXONHOE/LY. K YPaBHEHHIO 1-ro mopsiaka: z' = x/z .

Pa3znenum nepemeHHbIE:

2
dz dz dz x? X C,
Toxlze Toxdve [F=(xdve 2Vz="—+C o z=| —+L].
P i IJE Jxa ) ! (4 2

Tenepb, BO3BpallacMcCs K CTapPbIM IICPCMCHHBIM

) 2 5 2 4 2
Q:(X__ng o dy= (%+%J dx & y= j[x G’ +%}dx<:> =

d« (4 2 16 4
1 XS C1X3 2
=—| — +C x| +C,.
g 4[20 A
Ipumep 82. Perumts uddepenuuanbHoe ypapHernue: y" +— | y'=2x.
X+
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DTO ypaBHEHHE, TaK K€, KaK W MOpeAblayllee, CBOAUTCS K 1.y. l-ro mopsaka

, 2x

T
x°+1

samenoit ) =z(x), y"=z'(x) (cm. (10)).Ilonygaem npy.:. z z=2x0Ho

uMmeet Buj (53). PazoObeM pellieHre Ha HECKOJBKO ITAIoB.

a) z=uv, z =uv+w' = u'v+u +

2x
5 uv:2x:>u'v+u[v'+ SV |=2x;

x“+1 x“+1
0) v+ 22x v:O:ﬂz— sz v:ﬂ:— sz dx:Jﬂ:—j 22x dx.
x°+1 de  x"+1 1% x°+1 1% x°+1
Bpruucium BTOpor HHTETpait:
2
1=
j 22x ax =" T ﬁzln‘t‘+Czln‘x2+l‘+C.
x°+1 2xdx = dt t

1

2

.
>

Takum 006pa3om, nmosyyaem: lnM = —ln‘x2 + 1‘ = V=

x +1
B) u' 21 :2X:>u':2x3 +2X2>u:_[(2x3+ZX)JX:>.u:lx4+x2+C1;
x°+1 5
1 4 2 ) 1
r)z=|—x +x"+C )
: (2 Vx2+1

Teneps moacTaBiIsieM HaMIEHHYIO QYHKIIUIO z B PaBEHCTBO ) =Z:

(1 1 1 ex*+2x2+1+2C, -1
y:(5x4+x2+clj P @y:—j x2+1 1 dx@

x +1 2

2 1V _ _
& y:%_[(x +1) + 26, 1dx<:> y=%j(x2+1+2cl ljdx<:>

x2+1 xr+1

1 x°
=2 :EE? +x+ (ZC1 - l)arctgx +C,.
JInHeHbIe OMHOPOAHBIE A.Y. 2-T0 NOPSIAKA
C MIOCTOSTHHBIMU K03 DUIIMEHTaMH

Onpeoenenue  43.Jluneitnim  O0OHOPOOHBIM  O.y. 2-20 nopadka ¢

NOCMOAHHbBIMU Koadn[)uuuenmamu Ha3bIBACTCA YPABHCHHUC BU/IA:
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Y+ py' +qy=0, (60)
rne p U ¢ — HEKOTOpbIe [EHCTBUTEIbHBIC 4YHCIA. XaApakmepucmuuecKum
ypasnenuemn.y. (60) Ha3pIBaeTCSA KBaJpaTHOE YPaBHEHHUE OTHOCHTEIBHO Mapamerpa
A, TIoJTydJaromeecs 3 ypasHenus (60) ¢popmanbHoii 3amMenoit y'naA’, ' Ha A u y
Ha 1.

Takum oOpa3oM, XapakTepucTUueckoe ypaBHeHHE IU(PdepeHIINaTBLHOTO

ypaBHeHus (60) uMeeT BUA:
N+ ph+qg=0. (61)
[lycts Ay,A» — KopHU ypaBHeHus (61). Bo3mMoxxHBI TpH ciiydas:
a) KOpHH JICHCTBUTEIbHBI U Pa3IIMYHEL, T.€. A, # A, ;

0) KOpHH JCHCTBUTEIbHBIC COBMAIAIOIINE, T.C. A, = A, ;

B) KOPDHU KOMIUICKCHBIC, COMpPsDKCHHBIE, T.e.A,, =0 tif}, rme i=+/—-1 —
MHHMas €JUHULIA.

|
Teopema 32. B xaxaoMm u3 ciaydaeB a), 0) U B) BUJ OOIIEro perieHus 1.y.

(60), koTopoe 0b03HAUYaeTCA y,, , IPEACTABICH TaK:

Cnyuaii  OOmiee pemieHue y,, 1.y. (60)

a) Voo =C, - +C, -
6) Yoo = exlx(cl +C, -x);
B) Yoo = €™ (C, sinpx + C, cos px).

[
Ilpumep 83. Pemuth cieayronue JUHEHHbIE OJHOPOAHBIC MI.y. 2-TO MOpPsIKa

C IOCTOSIHHBIMU KO3 puIIieHTamMu:
Dy 4y —6y=0;
2) y" =10y’ +25y =0;

3) vy +14y" +53y =0.
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Pewenue. 1. Xapaktepuctuueckoe ypaBHEHUE TAHHOTO/I.Y. UMEET BU]I

A + A —6=0. PemaeM 3T0 KBapaTHOE yPaBHEHHE:

-1£414+24 —-1%£5
Ay, = = -

’ 5 5 A, =-3,A, =2.1lo Teopeme 32 (cM. CTPOKY a))

HOJIy4aeM OOIIIee pelIeHue: =Ce> +C,e™.
y Yoo 1 2

2. CocraBiseM XapakTepUCTHUeCKoe ypaBHeHue: A~ —10A +25=0. Pemas

ero o bopmyie c IIOJIOBUHHBIM K03 puIeHTOM, MOJIyYaeM:
A, =51~425-25=5=A, =\, =5. Ilo Teopeme 32(cM. CTpoKy 0)) mHoIy4aeMm
obmee pemrenne: y,, = e (C, + C,x).

3. Pemas xapakrepuctuyeckoe ypaBHeHHe A° +14A +53=0 no ¢opmyne ¢
TOJNIOBUHHBIM KOd(pduuueHTom, umeem: A, =—7+49-53 =7+ N-4=-7+2i,
T.e. B TeopeMe 32 HYKHO CTPOKY B): V,, =€ (C1 sin 2x + C, cos 2x).

IIpumep 84. Haiitu yactHoe pemenue a.y. V" —3y' =0, ynouersopsromniee
HayanbpHeIM yenosusam (1) =2, y'(1)=1.

Haiinem obmee pemrenme: A> =34 =0= i, =0, A, =3=y =C,+C,e™.

JInst peanu3anuy HavyaibHBIX YCIOBHI HaM MOHAIOOMTCS IIPOU3BOIHAS OOIIETO
pemenus: y' =3C,e’". IloacTapiss B obluee peIleHUe U ero IPOU3BOIHYI0 BMECTO
X 4ucio 1, a BMECTO J COOTBETCTBYIOIIME YUCIIA, TOIYIaeM CUCTEMY YpaBHECHUI

st Haxoxaenus C, u C,:

3 —
C +Ce =2,
3C,e’ =1.
1 5
Pemas monyuennyro cucremy, Haxogqum C, = —, C, =—.
3e 3
TakuM 06pa3soM, HCKOMOE YaCTHOE PELICHHE UMEeT BH: ,, = —+ —e '

3 3e
Ipumep 85. Haiitu uacTHOe pemenue 1.y. V' +2y +5y=0,

yIOBIETBOpPsIolIee HadanbubM yenosusam y(0)=1, y'(0)=3.
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N A2L+5=0=> A, =—112i= y, =e*(C,sin2x + C, cos2x).
Haiizem y', =—e*(C,sin2x + C, c0s2x)+ e *(2C, cos 2x — 2C, sin 2x).
I/ICHOHLSy}I Ha4daJIbHBIC YCJIOBUS, IIOJIYy4aCM:

C,=1
2 = C,
~C,+2C, =1

YacTHoe pelieHne TaHHOIO ypaBHEHUs] UM€EeT BUA: ), =¢e (2 sin2x + cos 2x).

JIuHeliHble HEOTHOPOHBIE 1.y. 2-T0 MOPsAIKa
C MOCTOSIHHBIMU KO3 (HULIMEHTAMU
Onpeodenenue 44. JluHEeWHBIM HEOTHOPOIAHBIM 1.y. 2-TO TOpPSAKa C
MOCTOSIHHBIMU KO3 (pUIIMeHTaMu Ha3bIBAETCSl ypaBHEHUE BUA!
Yy +ay=f(x), (62)

rac p nu ¢ — HCKOTOPLIC HGﬁCTBHTGHBHLIG qucia.

CnpaBenyivBa cieayromniasreopema:
Teopema 33.00uee pewenuen.y. (62) (kotopoe o0o3Hayaercs ), ) PaBHO
CyMM€ 00uiez0 peuieHus COOTBETCTBYIOIIETO OJHOPOJHOTO YypaBHeHus (60) u
KaKOTo-1m00 yacmmuoz2o pewenusa (Kotopoe obo3Havaercs y, ) 1.y. (62):
You =Yoo T Vur * (63)
|
M3 Teopembl 33 BBITEKAET, YTO [UIsl HAxXOXKJIEHHA OOLIEro peleHus
JUHEWHOT0 HEOHOPOHOTO ypaBHEHUS (62) T0CTaTOYHO HAYYUTHCS HAXOJIUTH JIUIIh
OJTHO YaCTHOE PEeIICHUE 3TOTo J.y.3aiiMeMCsl BaXXHBIM CITydaeM, KOrja mpaBasi 4acTh

ypaBHeHHUs (62) UMeeT BU:
f(x)=e”[P,(x)cos bx + Q, (x)sin bx], (64)
rne a W b— pedictBurensHble uucnma, a P (x) m Q/(x) — MHOrousieHsl,

COOTBETCTBEHHO, cTeneHeimun.MeTol MOCTpoeHus: 4acTHOro pemeHus 1.y. (62) c

TaKOM MPaBOM YaCThIO JOCTABJISIET CIECAYIOIIAATEOPEMA:
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Teopema 34. CocTtaBiisieM KOMIUIEKCHOE YUCIO a +ib, T7ie AEHCTBUTEIIbHBIC
yucina a u b B34THl U3 BeIpaxeHus (64). Torma B 3aBUCUMOCTU OT TOTO, SIBIISETCS
WIM HE SIBIISIETCA YUCIO @+ ib KOpHEM XapakTepucTuueckoro ypaBHenus (61), Bua

»,, onpeneinsercs Taom. 3.

Taomuna 3
Yucino a+ib Bun yu,
1. He sBnsieTcst KopHEM
XapaKTEPUCTHUECKOTO Vau = ™ [ﬁk (x)cosbx +0 ;. (¥)sin bx

YpPaBHEHHUS

2. SIBnsieTcst KOpHEM

XapaKTEepUCTUYECKOTO Vau = xe™

ﬁk(x)cosbx+ék(x)sinbx]

ypaBHEHUS KpaTHOCTH 1

3. SIBasieTcst KOpHEM
XapaKTePUCTHUECKOTO Ve = x°e™ [ﬁk (x)coshx+0 . (x)sinbx]

YpaBHEHHS KPAaTHOCTHU 2

31ech }~’k(x), Qk(X)—MHOFOLIJ'IeHBI crerieHn k, rae k =max(m,n).

Kosddumumentsr 3THX MHOTOWIEHOB HAXOATCS METOIOM  HEOIPECICHHBIX
K03 HUITHEHTOB.

3ameuanue:

1. Ecnu B Beipaxkenuu (64) OTCYTCTBYIOT TPUTOHOMETpUUECKUE QYHKIINHU, TO
3TO O3Ha4aeT, 4yro b =0, HYXHO NPOBEPSAThH, SBIAETCS JIM YUCIO @ KOPHEM
XapaKTEPUCTHUECKOTO ypaBHEHUS, U, OUYEBUIHO, cienyeT Opath k =m. Ecnu k Tomy
xe B (64) OTCYTCTByeT moKazaTeibHash (PYHKIMS, TO 9TO O3HaydaeT, 4yTo a =0, u
HY>KHO TIPOBEPATD, ABJIAETCS JIM YKcsio 0 KOpHEM XapaKTepUCTUUECKOr0 YpaBHEHHUSI.

2. Ecim b# 0 wm yucno a+ibaenaemca KOPHEM XapaKTEPUCTUYECKOTO
YPaBHEHUS, TO HW3BECTHO, YTO CONPSIKEHHOE KOMIUIEKCHOE YHCIO a —ib Takxke
ABJISIETCS.  KOPHEM  3TOr0  YpaBHEHMsS, a TakKk KaKk  paccMaTpUBaeMoe
XapaKTEPUCTHYECKOE YpPAaBHEHHME — KBAaJApPaTHOE, TO KPAaTHOCTb KOpHA a +ib —

CAUHUIIA. HOC—)TOMY BapHUaHT 3, OIMCAHHBIN B Ta0I. 3, B JTaHHOM CJIy49ac HCBO3MOKCH.
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Ipumep 86. Pemum ypasuenue y' —4y=x—1.

a) 3amuChIBaEM XapaKTEPUCTUYECKOE YpPaBHEHHE, PEIIaeM €ro U HaXOoAuM

N—=4=0=A=2,A,=2=y,=C, - +C,-e".

0) CocraBisiem a +ib. Tak kak 37ech a=0 u b=0 (cM. 3aMedaHue nocie
TeopeMbl 3), T0 a+ib=0. Yucino 0 He sABISIETCS KOPHEM XapaKTEPUCTHUUYECKOTO
ypaBHeHus. 3 Teopembl 34BbiTekaer (cM. 1-to ctpoky Tabin. 3), uto y, = Ax+ B,
rne A u B — neusBectHbie K03 dunuentsl. Halinem ux. [TogctaBum y,, B HCXOIHOE
ypaBHEHHE. DTy TOJCTAaHOBKY yIOOHO OCYIIECTBISATH CIEAYIOUIMM 00pazoMm (Iist

ynpoiueHus: 0003Ha4eHUH Mbl yIOTPEOIIsieM ) BMECTO ), ):

-4y Ax+ B

01y A

1 y// O
—44x—-4B=x-1

[TpupaBHUBaeM cieBa U cipaBa KO3((PUIMEHTHI PU OAMHAKOBBIX CTEMEHSIX

x (B ATOM U 3aKJII0YaETCS METOI HEOMpeIeISHHBIX KO PUIIUCHTOB):

X|-dd=1m A=t
4

1
Ol—de=—-1=e=—
X 4

1
Hrak, =——x+—.
y’-lH 4 4
B) PykoBozacTBysch popmyroii (63), momydaem:
1 1
You=C, e +C, e ——x +Z.

IIpumep 87. Pemmm ny. y" —4y' +3y=e>".

a) 3anuchIiBacM XAPAKTCPUCTHUICCKOC YPABHCHHUC, pCIIaCM €TI0 U HaXOIUM

N —4r+3=0=A, =LA, =3=y,, =C,e" +C,e’.
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0) CocraBisieM a +ib. Tak kak 3aech a=5 u b=0 (cM. 3aMe4aHue TMOCIE
TeopeMbl 34), To a+ib=5. Unucno 5 He SABISETCS KOPHEM XapaKTEPUCTUUECKOIO
ypaBHeHMs. Tak kKak MHOTOWICH, CTOSIIIIMK TIepe] MoKa3aTeIbHOM (yHKIUEeH, paBeH 1
(T.e. UMEET HYJIEBYIO CTEIEHb), TO U MHOTOYJICH, BXOJAIIUA B COCTAB Yy, JOJDKEH

UMETh HYJIEBYIO CTEIEHb, T.€. JOJIKEH ObITh KaKOW-TO KOHCTaHTOW. ClenoBaTenbHo,

Y= Ae’ . Haxomum A:

3 y AeSx
— 40y’ 54e™
Ly" 254¢™
34e™ —204e’" +254e™ =e™
5x 5x 1 e
[Tonyyaem: 84e™ =e* = A4 :g. T.e.,qu=?.
B) I1o Teopeme 34

Yo=Cie* +C e + % .

Ipumep 88. Pemmm 1y, 3" =9y’ +20y = x’e™.

a) Haxonum y,,:

N =L +20=0=), =41, =5=y,, =Ce* +C,e™;

6) Tax xak a=4,b=0 wu 4 sBASeTCA OJHOKPATHBIM KOpPHEM
XapaKTEPUCTHUECKOTO YpaBHEHHs, TO Mo Teopeme 34 (cM. 2-10 CTpoKy Tadnd. 3)
YaCTHOE PELICHHE UCXOJHOTO HEOTHOPOAHOTO YPAaBHEHUSI UMEET BU/L:

V., = x(Ax2 +Bx+C )e‘” = (Ax3 +Bx” + Cx)e“ .

Haiinem xosddunmentst 4, Bu C.

20| y (Ax3 +Bx’ +Cx)e4"
— 9y |(34x% +2Bx +C)e™ +4(Ax® + Bx? +Cx)e™ =(44x> +34x* +4Bx* +2Bx +4Cx +C)e™
1y"|  (124x% +6A4x +8Bx +2B +4C)e™ +(164x* +124x* +16Bx* +8Bx +16Cx +4C)e™

204x> +20Bx* +20Cx —36A4x> —274Ax*> —36Bx* —18Bx —36Cx —9C +16A4x> +24Ax> +

+16Bx* +6Ax +16Bx +16Cx +2B +8C = x*
[IpupaBHUBaeM cieBa u cripaBa K03()PHUIIMEHTHI IPU OJUHAKOBBIX CTETICHAX X :
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x64-2B=0=>-2-2B=0=>B=-1
x| 2B-C=0=>-2-C=0=>C=-2

Hrak: y, =— (% X+ x%+ 2x)e4x;

B) y,, =Ce" +C,e™ —(%f +x7 + 2xje4x.

Ipumep 89.Perum 1.y. y" + y =3sin x.
a) X’ +1=0=>%" =—1L, =+i = y,, =C, -sinx+C, -cosx.
6) Tak kak a=0,b=1, TO a+ib=i ecTh (OTHOKpATHBIN) KOPEHHb

XapaKTEepPUCTUUECKOro ypaBHeHusd. [lostomy y, = x(A -sinx + B - cosx). Haitnem A

u B:

1|y x(4sinx + B cosx)
0y Asinx + B cosx +x(A4cosx — Bsinx)
1y" Acosx —Bsinx + Acosx — Bsinx +x(~ 4sinx — B cosx)

x(Asinx + B cosx)+ Acosx — Bsinx + Acosx — Bsinx +x(— Asinx — B cosx) = 3sinx

Utak, —2Bsinx+ 2Acosx =3sinx. [IpupaBHsieM kordpPULMEHTHI TpUSin X U TPH
cosx (BO3MOXXHOCTb TaKOI'o JIECTBHS CBsi3aHa C JIMHEHHOW HE3aBUCUMOCTBHIO
GYHKIMNA SInX H COSX , KOTopas OyJIeT JoKa3aHa Mmo3Hee):

sinx|-2B=3=1RB :—3/2
cosx] 24=0=>A4=0

ITostomy y,, = —%xcosx;

. 3
B) y,, =C, -sinx+C,-cosx —Excosx.

IIpumep 90. Pemmm n.y. y" -8y’ +16y=e*;

a) X’ —8L+16=0=1 , =4=y,, =" (C, + C,x).
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0) Tak xak a+ib=4 ecTb ABYKpaTHbI KOPEHb XapaKTEPUCTUUYECKOTO

ypaBHeHHUs, TO 1o TeopemMe 34 (cM. 3-t0 CTpoKy Tabi. 3) yacTHOE pelIeHHUe

UCXOJHOT0 HEOJHOPOJHOTO YPAaBHEHUS UMEET BUA: V), = Ax*e* . Haitmem A:

16|y Ax?e™
-8 y/ 2Axe*™ + 4 Ax%e™
1{y" 2 Ae* +8Axe™ +8Axe™ +16Ax%e™

16A4Ax*e™ —16Axe™ —32A4x*e™ +2Ae™ + 8Axe™ +8Axe™ +16A4xe* =e**

2 4
xe™”

Honmyuaem: 24e* =e** = 4 =%. Takum o6pasom, y,, = S

2 4
xe™

B) V,, = e™ (Cl + sz)+

Teopema 35. YactHoe pemienne ypasHenus y' + py' +qy= f,(x)+ f,(x)
MO>KHO TIOJIY9UTh B COOTBETCTBHH C (POPMYIIOW:

qu:qul-'_quZ’ (65)

rne y, ®W Y, — YacTHble pEUICHHUsA, COOTBETCTBEHHO, YpPaBHEHUIl

Vi+py +qr=fi(x)u Yy’ +py' +qy = f(x).

Ipumep 91. Pemmm 1y, y" + y = xe* +2e ™.

a) ' +1=0=>21 =—1L, =4i = y,, =C, -sinx+C, - cosx;

0) OO6o3HauuM f,(x)=xe", f,(x)=2e". IlpaBoii wyactu f(x)=xe"
COOTBETCTBYET @, +ib =1, KoTOpoe He SBISIETCS KOPHEM XapaKTePUCTUYECKOTO
ypaBHEHUs, TIO3TOMY

Vou = (Ax+ Ble™.
[MpaBoii wactu f,(x)=2e " cCOOTBEeTCTBYeT a,+ib, =—1, KOTOpoe TaKKe He
SIBIIICTCSI KOPHEM XapaKTePUCTHYECKOTO YPaBHEHUS, [IOATOMY

y'-m2 = Ce_x :

Ilo Teopeme 6 umeem: y, =y, +V, ., = (Ax+ B)ex+Ce_x. Havinem A4, Bu C:
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Il y (Ax + B)e* + Ce™
Ae* +(Ax+ B)e* —Ce™
Ae* + Ae* +(Ax+ Ble* + Ce™
(Ax + B)e* + Ce™ + de* + Ae* +(Ax+ B)e* + Ce™ = xe* +2¢™

Hrak, 2Axe" + (2A + 2B)ex +2Ce ™ =xe" +2e " . [IpupaBauBas K03()pPHUIUEHTHI IPH

byHkIUAX xe',e® u e * (KoTopble, Kak OyJIeT IOKa3aHO, SIBJISIOTCS JIMHEHHO
HE3aBUCUMBIMH ), TIOJIyYaeM:

xe" 24=1=A4=1/2

e*24+2B=0=>B=-1/2

e’ 20=2=C=1

CnenoBaTenbHO, y, = (O,Sx — O,S)ex +e "

4H

B) y, =C, -sinx+C, -cosx+(0,5x - O,S)e“re‘x.

PA3JIEJI 5. TEOPUSA BEPOSITHOCTEH

Jlexknusa 15

OcHOBHbIE IOHATHSI TCOPUU BEPOATHOCTEN

Beenenue

Teopuss  BepodTHOCTE  —  MaTemMaTH4ecKas  Hayka,  H3ydarolas
3aKOHOMEPHOCTH, TPUCYIIME MACCOBBIM CIIy4yalHbIM sBJCHUSM. (OCHOBHBIM
MOHATHUEM TEOPUM BEPOATHOCTEH SIBIAETCS TOHSTHE CIYYaAuHO20 COOblmus, T.€.
cOOBITHSI, KOTOpOE (MPU HEKOTOPBIX OOCTOATENIBCTBAX) MOXET COBEPIIUTHCA, a
MOXET W He coBepmHThesa. CoObITHS 0003HAYAIOTCS, KaK IPaBHIIO, OOJIBIIMMH
natuHckumMu OykBamu: A4, B,C... COBOKYIHOCTb YCJIOBHUH, MPH KOTOPBIX JaHHOE
CllydyailHO€ COOBITHE MOXKET TPOU3ONUTH, HA3bIBAIOT ONbIMOM(IKCNEPUMEHIMOM,
Haobaro0eHuem, UCNbIMAaHUeM,).

Ilpumep 92.0mBIT — OAHOKpPATHOE OpOCaHWe MOHETHI, CcOObITHE A—

BBINAJICHUE «OPJIa»; OIBIT — CTPeb0a M0 MHUIIICHH, COOBITHE B — momnaganue B 1eib.
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Dnemenmapuvimu coovimusamuy (3TU COOBITHS 0OBIYHO 0003HAYAIOTCS OYKBOM
() Ha3bIBAIOT B3aMMOMCKIIIOYAIONIME HWCXOJbl MCIBITAaHUS. MHOXECTBO BCEX
AJIEMEHTAPHBIX COOBITHIN (KOTOPOE MOXKET OBITh KaK KOHEYHBIM, TaK M OECKOHEUHBIM)
HA3BIBACTCS NMPOCMPAHCINEOM dnemeHmapHblx cobvimuti. Ero 00603Ha4aroT OyKBOii
Q.. DnemMeHTapHbIe COOBITHS YaCTO HA3bIBAIOT UCXOAAMU UCTIBITAHUS.

CHauana i1 IPOCTOTHI OyIE€M CUMTATh, YTO MHOKECTBO () KoHeuHO. IIpu
ATOM CIYYAUHBbIM coObimuem OyIeM Ha3bIBaTh JIIOOOE MOAMHOMXKECTBO MPOCTPAHCTBA
Q: A c Q. DaemeHTapHbIC COOBITHS, BXOAAIINE B MOIMHOKECTBO A MPOCTPaHCTBA

(2, Ha3pIBAIOTCS O1azonpusmemayiowumu cobvimuio A. JJocmogepnvlm Ha3bIBACTCSA

coObITHE, KOTOpOE 00s3aTENBHO MPOU3OUAET B pe3yibTaTe IKCIIepUMEHTa. SICHO, YTO
oHo coBmaaaeT ¢ {), Tak KaK eMy OJIaroNpHITCTBYET JH000€ DIIEMEHTAPHOE COOBITHE.
Hegosmooicnvim Ha3bpIBaeTcs CilydailHOe CcOOBITHE, KOTOpOE€ B pe3yJbTaTe OIbITa
npou3oiTH He MoXeT. Ero o00o3Ha4arT CHMBOJIOM ITyCTOTO MHOXecTBa & (3TO
O03HAYaeT, YTO HEBO3MOXHOMY COOBITUIO HE OJaronpusaTCTBYeT HHU OIHO
3JIEMEHTapHOE).

JIBa cOOBITHS HA3bIBAIOTCS HECOBMECMHbIMU, €CIIU TIOSBIIEHUE OJJHOTO U3 HUX
UCKJIFOYAET MOSIBJIEHUE APYTOro B paMKax €IMHOI0 SKCIEPUMEHTA (T.€. OHU HE MOTYT
IPOU30MTH OJHOBPEMEHHO B OJHOM OIbITE). B MNpPOTUBHOM ciydae COOBITHS
Ha3bIBAIOT COBMECTHbIMU.

Ilpumep 93. PaccMOTpUM SKCHEPUMEHT, COCTOSAIIMK B OJHOKPATHOM
OpocaHuM Ha UWJCATbHYI0 TOPU3OHTAIBHYIO IOBEPXHOCTh UIPAIBbHON KOCTH
(mecTUrpaHHOro KyOuka), Ha TpaHSAX KOTOpoW HaHeceHbl mudpsl or 1 g0 6. MbI
CUMTAEM, YTO UrpaJIbHAs KOCTh TAK)KE€ UMEET UcaIbHYI0 KOH(pUrypanuio. ScHO, 4TO
B pe3yibTaTe OpocaHuss Mbl MOXKEM MOJYYUTh IIECTh 3JIEMEHTAPHBIX COOBITHIA

Q={0,0,,0,,0,,0,,0}, rIc ®, — coOITHE, 3aKIFOYAOIICCCS B BBINAJICHAN YUCIIA
k(k=L2,....6). BBumy CHMMETPHU UIPaIbHOM KOCTU JaHHBLIE DJIEMEHTAPHEIE

COOBITUSI MOXHO CYUTAaThb PABHOBO3MOXHBIMH. B  yCIOBHSIX ONUCAHHOTO
AKCIIEPUMEHTa MOXKHO PACCMOTPETh pa3lIMyHbIe CciydaiiHble coOwiTusi. Hampumep,

ecn A— BbinajgeHue uucna 1, To 4= {031 }, T. €. 3TOMY COOBITHIO OJIArONPUATCTBYET
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onud ucxon. Ecim B— Bemmanenue HeuéTHoro yucia, ToB = {(01, ®,, O, }, T.€. ITOMY

coObITUIO OyaronpuaTcTByroT 3 wucxoma. CoObitue C— BBINATO YHUCIO 7 —HE
COOTBETCTBYET HU OJHOMY 3JIEMEHTApPHOMY MCXOJy, T.€. ’TO HEBO3MOXHOE COOBITHE.
CoObiTre D — BBIIIAIIO 11€7I0€ YKMCII0 OT 1 10 6 — TOCTOBEpHOE COOBITHE, TAK KaK eMy

0J1aronpHUATCTBYIOT BCE dIeMEHTApHBIE HCXopl, T.e. D =0).

Knaccuueckoe onpeneneHue BEpoSTHOCTH

Onpeoenenue 45. Tlyctb mHOXecTBO () KOHEYHO, T.€. QZ{(DI,(OZ,...,(OH}.
O6o3HauuM 4Yepe3 </ MHOXKECTBO BCEX IOAMHOXKECTB MHOxectBa (2. Ha F

ompenenuM (QyHKIHIO A CIeaylommMM 00pa3oM: €ciaM IMOAMHOXKeCTBY A € <F

0JIarONpUsATCTBYET POBHO M DJIEMEHTApHBIX COOBITHM, TO TOJIaraeMm:

m 66
P(A4)=—. (66)
n
Oty GyHKIMIO P Ha3bIBalOT KIACCUYECKON BEPOSITHOCTHIO.
|

VY CI0BUMCS YUCITO JIEMEHTAPHBIX COOBITHH, U3 KOTOPBIX COCTOUT COObITHE A
,0003Hauath uepes |4|. [Ipu aTom hopmyiy (66) MOKHO 3amucaTh Tak:

_ 4l

P(A) .
Q2]
Ilpumep 94 (nmponomxenue npumepa 93). Ilycte A4, (cooTB. A,) — coObITHE,

COCTOAIICC B TOM, YTO BBIIIABIICC B PC3YJIbTATC 6pOC3HI/I$I KOCTH 4YHCJIO ACIIUTCA Ha 2

(cooTB., Ha 3). Beruucinum BeposiTHOCTU cOObITUN A, U A,. Tak kak A, = {(02,(04,(06},

a 1Ax3 = {(03,(06}, TO IIPUMCHAA KJIACCUYCCKOC OIMPCACICHUEC BEPOATHOCTU, UMCCM!

4, 3 1
P(4,)=""=>=—=,  P(4,)= :
(4,) e (4,) T3

4] 2 1

Ilpumep 95. N3 xononpl, coaepxkaimieit 36 kapT, Hayaady BbIOMpaeM OJHY.
Haiitu BeposiTHOCTH TOTO, YTO OHa OyOHOBOI MAaCTH.
Yucno 3neMeHTapHBIX COOBITHI COBIAJAET ¢ KOJIMYECTBOM KapT B KOJIOJE,

T.e. n=36. IIyctb A— COOBITHE, COCTOSIIEE B TOM, YTO BEIOpaHa Kapta OyOHOBOM
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mactu. Tak kak Bcero B Kojojne 9 OyOHOBBIX KapT, TO ‘A‘:9. [ToaTOoMy

=2l
36 4
Ilpumep 96. OnHOBpeMeHHO OpocaroT JBe MOHEThl. KakoBa BEpOSTHOCTH
TOTO, YTO Ha 00EUX BHITIAJIET perika?
[IpenmonoxxuB, YTO pe3yiabTaThl OpPOCAHUIl PABHOBEPOSTHBI, MPUMEHUM
KJIACCUYECKYI0 cXeMy. Torna MmpOCTPaHCTBO 3JIEMEHTAPHBIX COOBITHH Q MOXKHO

paccMaTpuBaTh Kak COBOKYITHOCTH nap (oped, peiika), (open, open), (penika, penika),

(peuika, open), nz‘Q‘ =4. SlcHO, UYTO BEPOATHOCTb 3JEMEHTAPHOTO COOBITUSA

(pelika, pelka) paBHa %

Ipumep 97. Taptus u3z 100 uzpenuit cogepxkutr 10 OpakOBaHHBIX W3JIETUH.
KakoBa BeposTHOCTb TOTO, YTO CPEU BHIOPAHHBIX HAyJauy MATH U3AEJIUA POBHO JIBa
OKaXKyTcsi OpakOBaHHBIMU ?

[Ipeanonarasi, yto Kaxzaas BbIOOpka msaTv u3fenuit u3 100 paBHOBEposATHA
10001 Apyroi Takoi ke BEIOOPKE, MPUMEHHUM KJIacCU4ecKyto cxeMy. Kak n3BecTHo,
YHCII0 KaYECTBEHHO Pa3jIMYHbIX BBIOOPOK (WM, YTO TO KE CaMOe, YUCIIO COUETaHUiN)

U3 ¥ BJIEMCHTOB I10 & BBEIYUCIISICTCS I10 q)OpMy.]IC:

C = o (67)
I (r — k)

[IosTomy B Hamem ciaydae n:‘Q‘ =C} . Ilyctb A— coObITHE, COCTOSAILNEE U3

100 *
BBEIOOPOK, COJEpKAIUX J1Ba OpPAaKOBAaHHBIX W3JENHS W TPU KAYECTBEHHBIX. TaK Kak
7Ba OpaKkOBaHHBIX U3JIETUS MOXKHO U3BATh TOJNBKO H3 100paKkoBaHHBIX, TpH
KaueCTBEHHBIX u3Jenus — u3 90 KaueCTBEHHBIX U KaxkJas OpakoBaHHas Mapa MOXKET
npu  BBIOOPE COCTHIKOBATHCS C KaXKJIOW KayeCTBEHHOW TPOWKOW, TO YHCIIO

DIIEMEHTAPHBIX COOBITHI (IIATEPOK H3JEIHii), OJIarONpPUATCTBYIOMIMX COOBITHIO A,

|4|=C;, - C;,. Takum o0pasom,
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|4 Ci-C;  5:95:100900  3:4-5-95:819-10-87:88-89-90
n C>,  10012-8:3:87! 95:.96-97-98-99-100-2-8:3:87!
4.5.9.10-88-89-90 _ 1335 _
© 96-97-98-99-100-2 19012

P(4) =

9

4

3ameuanue. V3 onpenenenus (66) nonyvaem: P(A4)=—, P(Q) =
n

1
—,rae k=12...n.
n

JleiicTBus Haj coObITUSIMU. AnreOpa cOOBITHI
Hang coObITUsSIMH MOKHO MPOBOJUTH BCE ONEpPAllUM, BBIMOTHUMBIC IS
MHOXECTB.
[Tycte €2 — mOPOU3BOJILHOE MHOXECTBO (MPOU3BOJIIBHOE IMPOCTPAHCTBO
AJIEMEHTAPHBIX COOBITHI), a f — Kakas-TO COBOKYMHOCTH TOJMHOKECTB (COOBITHIA)

Ha Q. Jlns onpenencurocty {2 Mbl OyeM U300pakaTh KBAIPaToM, a COOBITUS U3 f

— Kpyramu B 3ToM kBajapare. [Iycte Au B— coObiTHst u3 7 .

Cymmon coObiThii Aw BHa3bpiBacTCs COOBITHE
A+ B, cocrosiiee W3 IJEMEHTAPHBIX  COOBITHIA,

OJIaronpUATCTBYIOIIMX MO KpalHed Mepe OJHOMY W3

cooeltnii Aunu B. Dto o3Hauaer, uyro cobbitne A+ B

COBEpIIIAETCS TOTJIa U TOJBKO TOT/Ia, KOTJa COBEPINACTCS XOTs Obl OTHO U3 COOBITHI

Anmu B. TeoMeTpudeck cCyMMe COOBITUH COOTBETCTBYET ONeEpaiusi 00beIUHCHHUS

MHOYECTB.
Ilpousseeoenuem  codbituii  Awu Bua3piBaeTcs

% coosiTie A-B, cocrosinee U3 3JEMEHTApHBIX COOBITHH,
OJaronpHUATCTBYIONIUX OJHOBPEMEHHO M COOBITHIO A, W

coopiTiio B. Dto o3Hauaer, uyro coObitne A-B
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COBEpIIAETCST TOTJa M TOJBKO TOTJa, KOTAa coBepuiatroTcsi 0ba coObithsa Au B.

['eomeTpudeckn TPOU3BEIACHUIO COOBITUN COOTBETCTBYET OIepalus MepeceueHUs

MHOECTB.
Ilpomueononoxcnuvim CoObITHIO AHaA3BIBaCTCA

coObiTHe A , cocTosIIee U3 DIEMEHTAPHBIX COOBITHI, HE

7 / OJIaroNpHUSITCTBYIONUX COOBITHIO A. DTO O3HAaYaer, 4To

coObiTre A coBepIIaeTcs TOrjAa M TOJBKO TOTa, KOrja

He coBepinaercs coObiTne A. ['eoMeTpuyeckd MPOTHBOIIOIOKHOMY COOBITHIO
COOTBETCTBYET OIEpaIvs IONOJTHEHUS MHOKECTBA.

Onepanuu HaJ COOBITHSAMHU TOTYUHSIOTCS TOYHO TEM K€ 3aKOHaM, 4YTO U
orepaluu Haja MHOxecTBamu. Hampumep, cripaBemsiuBbl COOTHOIIEHUS (3aKOoHBI Jle

Moprana):

A+B=A-B, A-B=A+B.
Onpeoenenue 46. COBOKYIMHOCTb Sf MOAMHOXECTB MHOXKecTBa ()

Ha3bIBAeTCs anzedpou coovimuii, ecnu Qef u ecmu A+Bef, A-Be'f, Ae'f

JUIs TIOOBIX A€ f u Be‘f .

|
Tak kak Q =, To U3 onpenencHus 46 HeMeIJIEHHO CileayeT, 4To &JeF

JUTS JTFOOOM anreOpsl COOBITHH 7.

Jlexknusalé

Oo1ee onpeacjacHue BEPOATHOCTHOTO MMPOCTPaHCTBA

OT KJ1acCHYEeCKOro BEpOsITHOCTHOTO MPOCTPAHCTBA K 00IIEMY
BEPOSTHOCTHOMY ITPOCTPAHCTBY
IlycTh Tenepb MBI HAXOAMMCS B paMKax HEKOTOPOro ucneitanusd. [Ipunasas
KQXIOMY COOBITHIO A, CBS3aHHOMY C JaHHBIM WCIBITAHHEM, HEKOTOPYIO

BEpOATHOCTh P(A), MBI TEM CcaMbIM CO3JaéM MAaTEMaTHUYECKYI0 MO/ICIIb,
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OTMUCHIBAIONIYIO JIaHHOE WUCIbITaHue. [loCTpoMB MaTeMaTUYECKyl0 MOJENlb, MbI
MMEEM BO3MOXHOCTbH JUIsl PEIICHHS] TMOCTAaBJIEHHBIX 33Ja4y MYCTHUTh B XOJ BechbMa
Pa3BUTBIA MAaTEMATHYECKUW ammapar TEOPUU BEPOSITHOCTEH, B OCHOBE KOTOPOIO
JIEKUAT AKCMOMATHKAa, BIEPBbIC NMpemiokeHHas akaaemMukom A.H.KomMoroposeiM B
1929 1.

Onpeoenenue 47.Knaccuueckum 6eposAmMHOCMHBIM ~ HPOCHMPAHCHMEOM
HaspiBaercst Tpoika (€),°f,P), rue Q:{ml, Osy,eeey O }, — HEKOTOPOE MHOXECTBO,
coCTOsfAlllee W3 KOHEYHOrO0 YHCIa JJIEMEHTOB; ‘f — anreOpa Bcex IMOJAMHOMKECTB
mMHOKecTBa () (Bkmouas camo () u mycroe MHOXecTBo <); P — QyHKmms,
onpeneneHHas Ha'f hopmyiion (66).

]

U3 ompenenenust 46 BbITEKaeT, YTO eciu anredpa cOOBITUH  f COAEPKUT

KOHEUHYI COBOKYIHOCTH COOBbITHN A ,4,,..,A,, TO OHA CONEPKHUT U COOBITUS
n n
U4, =4 +4,+.+A4, n (4,:=4, -4,-.A,. Ongnako, BooOLIe TOBOPs, HEBEPHO
k=1 k=1

Cleqyrollee YTBEpXKACHUE: eclid anrebpa coOBITUH f COmEpKUT OECKOHEUHYIO

MOCJIEI0BATENbHOCTE CcOObITUH  A,4,,.., A , A

n+l2

TO OHAa COJEPKHUT COOBITHS

U4, =4+ A4, +.+ A + A, +..(KOTOpOE BBIMOIHSICTCS, ECIIH BBIMOIHIETCS XOTS OB
k=1

-4, -..(koTOpoe

n

omHo u3 cobObrtuit  A,A4,,.,A4,4,,.) 1 (4, :=4 4,4
k=1

BBITIOJTHSETCSI, €CITM BBITOJIHACTCS Kaxa0e u3 coositnit 4,,4,,.., 4,4 ,,..).

Onpeodenenue 48.Anrebpa ‘f Ha3bIBaeTCS O -an2eOpoll, €CId U3 TOTO, YTO

A, €f npu Beex k =1,2,3,..., cienyer, 4To UAk 7.
k=1
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A, caenyer, 4ro eciau \f —

Cs

W3 1erko Joka3pIBaeMOro COOTHOIIEHHUS ﬂAk =
k=1

b
Il

c-amrebpau Ay € f npuseex k=1,2.3,...,10 ()4, €7F.
k=1

Onpeoenenue 49.BeposasmHocmHblM RPOCMPAHCHEOM HAZBIBACTCS TpPOHKa
(€L,f,P), rne () — npou3BOIBHOE MHOXECTBO, f— o-ajrebpa MOJMHOXKECTB
mHOxecTBa (), P— (QyHKIWMS, onpeaecHHas Ha f ¥ YAOBJICTBOPSIONIAS CICAYIOIIMM
YCIIOBUSIM:

1. (Axkcuoma nonoxxutenbHOCTH). st moboro 4 € °f P(A) > 0(BepoATHOCTD
JT1000r0 COOBITHSI HEOTPHUIATEIbHA).

2. (Akcuoma HOpMUPOBKH). P(Q) =1(BeposITHOCTb TOCTOBEPHOT'O COOBITHS
paBHa €IMHUIIE).

3. (Akcuoma  c-agmutuBHOCTH). Ecnm  coxmepikamascs B f

MIOCJIEIOBATEBHOCTh COOBITHH A ,4,,..., 4 ,A TaKoBa, 4to0 A - A, = 1pu Beex

n2  n4ld "0t

2710 (U, |- 2 P(a) = lim 3 P

|

3amMeTMM, YTO TEPMHUHBI, CBsI3aHHBIE C OOMIMM  OIpeAeTCHUEM
BEPOSITHOCTHOTO TIPOCTPAHCTBA, COBMAAAIOT C TEPMHUHAMH, JaHHBIMH B OTIPECIICHUH
47. Jlamee B 3TOM TyHKTE MbI OyjaeM paboTaTh B HEKOTOPOM (PUKCHPOBAHHOM

BEPOSTHOCTHOM IpocTpaHcTe (L, F,P).

Onpeoenenue 50. CoObiTuss AW BHA3BIBAIOTCA Heco8MeCMHbIMU, CCIIN

BEPOSITHOCTDh X Mpou3BeAeHus paBHa HyJt0 ( P(A4- B)=0).
CBoiicTBa BEPOATHOCTH

1. P(A)=1-P(A4).
2. P(A+B)=P(A)+ P(B)— P(4-B).
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Cneocmeue. Jnsg mobeix coObitnii Au B P(A+ B)< P(A)+ P(B). Ecmu
coObITUsT AW BHecoBMeCTHBI, TO cnipaBeyinBa popmyia: P(A+ B)= P(A)+ P(B).

3. Ecim w3 coOwitus  Acnenyer cobweite B(t.e. ecmu AC B), TO
P(A)< P(B).

Ilpumep 98. B xumwxkHOM mikady B CIy4ailHOM TMOPSIIKE paccTaBlieHbI 15
KHUT, TipuyeM 5 W3 HUX B TBepAoM meperuiere. CtyaeHT OepeT Haygady 3 KHUTH.
Haiitn BEpOSTHOCTH TOTO, YTO XOTS OBl OJIHA W3 B3SATHIX KHUT WUMEET TBEPIbIH
neperuier.

Hepayuonanonwiil, Ho noyuumenvhuiii cnocob pewenus. Ilycte A— uckomoe
coObITHE (CcocTosiiee B TOM, YTO XOTSI OBl OF[HA U3 B3ATHIX KHUT UMEET TBEPIbIi

neperier). Beegem cnemyromue coObITHS: A, — W3 B3ATHIX KHUT POBHO OJIHA MMEET
TBEpABIA meperieT, 4, — pOBHO JBe MMEIOT TBEpABIi mepermier, 4, — POBHO TpH.
Scno, uto A=A + A, + A,, npuuem cobbitus A, A, U A, YHZOBICTBOPSIOT
YCIOBHIO, BXOZSIIEMY B akCHOMY o -aiauTHUBHOCTH. IlpuMmenss sty akcuomy,
MOTy4aeM:

P(A)=P(A4, + A4, + A,)=P(A,)+ P(A4,)+ P(4,).
BepositHocTr coObiTuil 4, A, M A, HAXOAATCSA C NOMOIIBIO TEX KE PACCYKICHHI,

KOTOpbIC OBLIM MTPOBECHBI PU HAXO0XICHUH BEPOSITHOCTH COOBITHS AB mpumepe 96.

Takum 006pa3om, nmoxyyaem:

1 2 2 1 3
PlA)= S =B Pa)= S =T ()= o
c: 9l c: 9l Cc. 9l
OxkonuarenbHo, P(A4) = 45 + 20 + 2 = ﬂ
91 91 91 91
Payuonanvnoe peuienue (nepexoo K NPOMUBONOTIONCHOMY

coovimuio).CobbiTie A(CocTosIIee B TOM, UTO XOTS OblI OJJHA M3 B3AThIX KHUT UMEET

TBEPJIbIN TeperuieT) u coobiTue A (CocTosInee B TOM, YTO HH OJHA U3 B3ATHIX KHUT

HE MMeEEeT TBEpJOro meperuiera) — MPOTHUBOIONOXKHBIE coObITHS. [lo cBoiicTBy 1
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BepositHocTH P(A)=1— P(A). BepoaTHOCTh COObITHS A BBIYHCIACTCS aHAIOTHIHO

_ C} 24 24 67

BepoATHOCTH cOObITUS A,: P(A)=—2="—_Tlostomy P(A)=1——=—.

p P =G =) y P()=1- 1=
Jleknusal7

He3aBucumpblie coObITHS. Y CJIOBHbIE BEPOATHOCTH, (POPMYJIa MOJTHOM
BeposiTHOCTH U popmy.ia baiieca

He3zaBucumeble coObITUS
[Ipn pemieHuu 3aaad CBOMCTBO 2 BEPOSATHOCTH IMPUMEHSETCA Yallle BCEro,
ecnu coObITHsI Au BHe3aBucuMbl. Ha MHTYUTHBHOM si3bIKe, cOObITHE AHE 3aBUCHUT
OT coObITHSI B, ecnu peanu3anusi coObITUST AHE 3aBUCUT OT TOTO, COBEPIIMIOCH
coOpiTie Bumm Her. Marematudeckas peanu3alys HWHTYUTHBHOTO TIOHATHUSA
HE3aBUCUMOCTH COAEPKUTCA B CIEAYIOIIEM OIPEACIICHUH.
Onpeoenenue 51. CoObitisi Au B Ha BEpOATHOCTHOM IPOCTPAHCTBE

(€),“f, P) Ha3bIBarOTCSI HE3aBUCUMBIMH, €CIIN
P(A-B)=P(A)- P(B). (68)
Cobwituss  A4,4,,...,4,,A4

nlo o0

TOTO JKC BCPOATHOCTHOI'O IIPOCTPAHCTBA

HA3bIBAIOTCSI HE3aBUCUMBIMM B  COBOKYIHOCTH  (COOTBETCTBEHHO, IOMAPHO
HE3aBUCUMBIMH), €CIM [JIsi JI00OTO KOHEYHOTO Halbopa HATypalbHBIX YHCEI

I, <, <...<i, (COOTB., IUId OBYX JIIOOBIX HATypalbHbIX YHCEN I, <i,) BBIIOIHACTCS
PaBEHCTBO P(Ail A e A ): P(Ail )-P(Aiz )-...-P(Aik) (cOOTB.,  PaBEHCTBO

P4, -4, )=P(4, ) P4, )).

Ilpumep 99. PaccMOTpUM 4acThb 3JEKTPUUECKON 1ENU:

)

)
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BepositHocTh Ge30Tka3HON paboTel amemeHTta A, paBna 0,7, smementa A4, — 0,8,
anementa A, —0,9. HaliT BEpOSTHOCTH TOTO, YTO TOK IO LIETH MPOHIET.

O6o3naunm uepes A4, A, m A, coOwITHs, cocTosimue B OecriepeOOiHOI
paGote coorsercTByromux mementos. Torma P(4 )=0,7, P(4,)=0,8, P(4,)=0,9.
[lycte A4 — cobbiTHE, COCTOMAIIEE B MPOXOKICHUH TOKa 10 1enu. Toraa

A=A -4, + A,
1o cBONCTBY 2 BEpOATHOCTH UMEEM:
P(A)=P(A - A, + A,)=P(A4, - A,)+ P(4,)—P(4, - 4, - 4,).
Tax kak 37€MEHTHI LIeH padOTal0T HE3aBUCUMO, TO COOBITUS A, A, U A; MOXKHO
CUMTaTh HE3aBUCHUMBIMU B COBOKYIIHOCTH B cMbIcie omnpeneneHus S1. IToaromy
P(A4-4)=P(4)-P(4) u P(A4-A -4)=P(4)-P(4,)-P(4,). OxoudarensHo
UMEEM:

P(A)=P(4,)- P(4,)+ P(4,)- P(4,)- P(4,)- P(4,)=0,56+0,9 — 0,504 =0,956.

1

Y cnoBHbIE BEpOSTHOCTH, (hOpMyJia IOJIHOM BeposITHOCTU U (hopmyna balieca
Onpeodenenue 52. Ilyctb A— ¢GuKCHpOBaHHOE COOBITHE U3 C -alNTreOphIf ,
takoe, uTo P(A)> 0. Jlyns moboro B €\ omnpeaenum HOBYIO (PYHKIIUIO:
P(B‘A)Z P(A-B) . (69)
P(4)
Dta GYHKIMS HA3BIBACTCS VCA0BHOU 8EPOSMHOCMbIO COOBITUS BTIpH YCIOBUH, YTO
coOBITHE A OCYIIECTBUIOCH (MIIH IPOCTO npu yeaosuu A).
|
Wuorma 1emecooOpa3HO  MOJIB30BATBCA — CISAYIOMIUM  O00O3HAYCHHEM:
P,(B)=P(B|4).
Ilpumep 100. YpHa coaepKuT 3 KpacHBIX U 2 YEpHBIX 1Iapa (mapsl no popme
HEpa3In4YuMbl). OKCIEPUMEHT COCTOMT B TOM, 4YTO M3 YypHbl Hayjady

IMOCJIICAOBATCIbHO BBIHUMAIOT 2 mapa. HYCTB A— CO6BITI/IC, COoCTOAICC B TOM, 4YTO
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IIEPBBIM M3BAT KPACHBIN Iap, a B— coObITHE, COCTOAIICE B TOM, YTO BTOPBIM BBIHYT
KpacHbli map. HaliTu yciaoBHbBIE BEpOSTHOCTH P(B‘A) U P(B‘A).
Bpruuciaum P(B‘A). Tak kak coObiTHe A COBEPIIMIOCH, TO TEPBBIM MBI

BBIHYJIM KpacHbIM map. ClienoBaTesbHO, B YPHE OCTAINCH 2 KPACHBIX M 2 YEPHBIX
mapa. Ilocie 3TOro BEpOSITHOCTH JOCTaTh BTOPOM IIAP BBIYKCIAETCS 11O

KJIACCUYECKON  CXeMe: P(B‘A):%: !

4 2
P(B\Z):%.

Onpeodenenue 53. Cosoxymuocts cobbtnit {H,,H,,...H } momoxurensHoi

AHAaJIOTHYHO pacCyxkiaad, IoJriydacm

BEPOSATHOCTH Ha (Q,?, P) Ha3bIBAETCS HOJIHOU 2PYNNOI 2UnOme3, €CIIu:
1) coObITHS {H H,,..H } MONAapHO HECOBMECTHBI;
2) H+H,+.+H =Q.
|
Teopema 36 (hopmyna moaHOM BeposiTHOCTH). Ecin {HI,HZ,...,Hn} — TOJIHAsA
rpyIma TUIoTe3 Ha (Q,?,P), TO BEPOSTHOCTH JHOOOTO COOBITHS A€ f MOXKHO
BBIYHCIIUTD 1O GOopMyJIE:
P(4) = P(4H,)-P(H,)+ P(4H,)- P(H,)+...+ P(4H,)- P(H ). (70)
[
Ilpumep 101. Ilyctb MBI HaxoAuMcCs B paMkax ycioBuil npumepa 100.
Tpebyercs naiitu P(B).
3aMeTUM MpeXJae BCEro, 4ro B oraumuyue oT npumepa 100 HamM HU4YEro He
M3BECTHO O TOM, COBEPUIMJIOCH JIM coObITHE Aumu Her. [103ToMy ecTecTBEHHO
BBecTH runotessl H, =A u H, = A. O4eBHAHO, UTO {Hl,Hz} — IOJIHAs Tpymma
runores. [lo dpopmyse (70) noaHOIM BEPOATHOCTH UMEEM:
P(B)=P(B|H,)- P(H,)+ P(B|H,)- P(H, ).
[IpucyTcTByIOIKE 3/1€Ch YCIOBHBIE BEPOSTHOCTH MBI YK€ BBIYHMCIWIA B MpUMEpe

100, a wuMeHHO: P(B‘Hl)zP(B‘A)=1/2, (B‘H (B‘A) 3/4. Wcnone3ys
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KIIACCHUECKOe  OmpeneneHme  BeposTHocTH, mmeem:  P(H )= P(4)=3/5,

P(H,)=P(4)=2/5. CnenoBaternsHo,

Ilpumep 102. 1o uenu npou3BeIEHO TpU BbICTpena. BeposTHOCTh MomnacTs B
IeTb Tpu mepBoM BeicTpene (cobwite A ) — p, =03, mpu BTOpoM BBICTpENe
(coosrtne A,) — p, =0,6, mpu TperbeM BbIcTpene (coObitne A4,) — p,=08.
BeposTHOCTh pa3pylieHuss LEead NpH OJHOM MONAJaHuU paBHA 0,4, IpPH JIBYX
nonaganuax — 0,7, npu Tpex mnomamanusx — 1. Onpenenutrs BEPOATHOCTH
pa3pyIIeHUs LEJH MOCIe MPOU3BEICHHS TPEX BBICTPEIIOB (coObITHE A).

BBenem cuctemy runore3: [, — npon3omio oHO MonajaHue B uenb, H, —

nBa momanaHus, H, — Tpu mnomamaHus, [, — Her nomamanmii. SICHO, dYTO

4
{Hl,Hz,HS,H 4} €CTh IIOJIHAs TpPYyIIa TUnore3. Bbl4McauM BEpOATHOCTH 3TUX

TUIIOTE3.

B nenp ocymecTBieHO pOBHO OJHO MOMAJaHUE, €CIIM IPU NIEPBOM BBICTpEIIE
OBLJIO TIOMa/laHnue, a TIPU BTOPOM M TPEThEM — MPOMAaX; WJIA MPU BTOPOM BBICTpEIIE
OBUTO TIOMIaJ]aHKe, a MPU MEPBOM U TPEThEM — MPOMax; WU MPU TPEThEM BBICTpETIC

ObUIO  TOMajgaHWe, a TMpd TMepBOM MW BTOpoM — mpomax. I[loatomy
H =4 A_2A_3 +Z A, A_3 +ZA_2 - A,, IpU4eM SICHO, YTO CJaraeMble B JaHHOU
CyMMe€ MOIapHO HECOBMECTHBI. Clie10BaTENbHO,

P(H )= P4, A4, A )+ Pl 4,4 )+ P4 4,-4).
Tak Kak nepBblid, BTOPOW U TPETUM BBICTPENBI HUKAK HE CBSI3aHBI IPYT C IPYIrOM, TO

MOXKHO CUMTaTh, UTO COObITUS A, A, U A, HE3aBUCUMBI B COBOKYIHOCTH. T.€.
P(H,)= P(4)- P(4,)- P )+ P(4,)- P(a,)- P )+ P(4)- P(,)- P(4,).
CnengoBaTenbHO,
P(Hl)Zpl(l—pz)(l—p3)+(l—pl) 2(1_p3)+(l_p1)(1_p2)p3 =0,332.

Paccyxnast anHanoruyso, nojsyvyaem:
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P(H,)=p,p,(1-p,)+ p,(1-p,)p, +(1- p,)p, p, =0,468,
P(H,)=p,p,p, =0,144,

P(H,)=1~-p)A=p,)(1 - p,)=0,056.
3amuiieM Tenepb  YCIOBHBIE BEPOSTHOCTH  Pa3pylICHHs IeIU  TpU
BBITTOJIHEHUH COOTBETCTBYIOIIUX TUIOTE3. DTH BEPOSTHOCTH 3a/IaHBI B YCIOBUU:
P(4H,)=04, P(4H,)=0,7, P(4H,)=1, P(4H,)=0.
[Tpumensisa popmyiy (70) MOTHOM BEPOSATHOCTH, IMOTYYAEM:
P(A)=P(AH,)-P(H,)+ P(4H,)- P(H,)+ P(4|H,)- P(H,)+ P(4H,) P(H,)=
=0,4-0,332+0,7-0,468 +1-0,144 + 0- 0,056 = 0,6044.

[TpencraBuM Temeps cede CUTyalMro, 94To COOBITHE AOCYIIECTBHIOCH. DTO
OOCTOSITETLCTBO  TO3BOJIIET TEPECMOTPETh BEPOSITHOCTH HCXOTHBIX THUIIOTE3
{HI,HZ,...,Hn}, T.C. BBIYHCIUTH TAaK Ha3bIBACMbBIC ANOCMEPUOPHLIE BEPOSTHOCTU
rurnoTe3 (B OTIUYHAE OT ANPUOPHLIX BEPOSATHOCTEH, KOTOPBIC MOIYYArOTCS [0

peanu3anuu Kakoro-nubo coObiTus). Peub wumer 00 YCIOBHBIX BEPOATHOCTSIX

P(H,|4), P(H,|4)...., P(H,|4).

n

Teopema 37 (popmyna baiteca). ns mobGoro k =1,2,...,n cmpaBeanuBa
dbopmyna:
P(A‘Hk)'P(Hk)

S P(dH,)-P(H,) (71)

P(H,|4)=

Ilpumep 103 (nponoixkenne npumepa 101). ITyctes B ycnoBusix npumepos 100
u 101 ocymectBunochk coObiTrie B(T.e. BO BTOPOW pa3 W3 YpPHBI BHIHYJIH KpPACHBIH
mrap). KakoBa BEpOSTHOCTB TOTO, YTO MEPBHIM OBLIT BEIHYT TAK)KE KPACHBIH 11ap?

Tak xkak A = H,, To HaM HY>XHO BBIYUCIIUTH YCIOBHYIO BepOATHOCTH P(H 1‘B).

ITo bopmyne baiieca (71) umeem:

(BIH,)-P(H,) _0.5-0.6 _
P(B 0,6

P(H,|B)= il 0,5.
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B paccMmoTpeHHOM InpuMepe YCIOBHBIE BEPOATHOCTH P(H 1‘3) 51 P(B‘H l)

OKa3aJIUCh PaBHBIMU. ODTO MOJYYMUJIOCH COBEPILIEHHO CIy4YalHO W HE OTpaxaer
HUKAaKOW 3aKOHOMEPHOCTH.

Ilpumep 104 (nponomkenue npumepa 102). I[lycts B yciaoBusax npumepa 102
eJIb pa3pylieHa (coBeprmmioch coObiTie A). KakoBa BEpOSATHOCTH TOTO, YTO TPH
ATOM B II€JIb OBLIIO JIBA TOTAIaHUs?

OdeBuaHO, Hala 3aja4a — BBIYUCIHUTH YCJIOBHYIO BEPOSITHOCTH P(HZ‘A).
Nmeem o dhopmyne (71):

P(4H,)-P(H,) 0,7-0,468
P(4) ©0,6044

P(H,|4)= ~0,542.

Jlexknus 18

Cxema bepayam.Cayuaiinble BeJJHYUHbI HA Pa3JIMYHBIX BEPOSITHOCTHBIX
MPOCTPAHCTBAX

Cxema bepnymm

C MOHATHEM «HE3aBUCHUMBIX COOBITHID CBSI3aHO TMOHSITHE «HE3aBUCHUMBIX
UCIIBITAaHUN (OMBITOB)». HECKOJIIBKO ONBITOB HA3BbIBAIOTCS HE3ABUCUMBIMU, €CIU UX
UCXOJIbl TMPEACTABISAIOT COOOM HE3aBUCHUMBIE B COBOKYMHOCTH COOBITHS. [pyrumu
CJIOBaMH, €CJIU TIPOBOJMUTCS HECKOJIbKO HCHBITAHUM, T.€. OMNBIT BBIMNOJHSIETCS MPHU
JAHHOM KOMILJIEKCE YCIOBUM MHOTOKPATHO, MPUYEM BEPOSTHOCTh HACTYIUICHUS
HEKOTOPOI'0 COOBITHS AB Ka)JIOM HWCIBITAHHM HE 3aBHUCHT OT HMCXOJOB JPYTUX
UCIIBITAHU, TO TAKHE UCIIBITAHUSI Ha3bIBAIOTCS HE3ABUCUMBIMU.

[TpumepamMu HE3aBUCUMBIX HCIBITAHUN MOTYT CIY>KUTb: HECKOJIBKO (7 pa3)
noAOpachlBaHUN MOHETHI; CTpesib0a npa3 MO MUIIEHH Oe3 MONpPaBOK Ha paHee
JOMYUIEHHYO OIIMOKY ITPY HOBOM BBICTpEJIC U T.JI.

[TocnenoBaTebHOCTh # HE3aBUCUMBIX HCHBITAHUHN, B KaXIOM M3 KOTOPBIX

MOJKET MPOM30UTH HEKOTOPOE COOBITHE A(ET0 HA3BIBAIOT yCHexom) C BEPOSTHOCTHIO

P(A)z p WIH TPOTUBOIMOJIOKHOE eMy COObITHE A (€ro Ha3bIBAOT Heyoauell) C
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BEPOATHOCTBHIO P(Z):qzl— P, Ha3bIBaCTCA CXEeMOU HEe3A8UCUMbBIX UCHBIMAHUL
bepuynnu.

[Ipocreiimas 3amaya, OTHOcsIIAsACsI K cxemMe bepHym, cocTour B
OIPEICIICHUU BEPOSATHOCTH TOTO, YTO B 71 HE3aBHCHUMBIX HCIBITAaHUSX COObITHE A

HACTYNHUT POBHO K pa3 (OSkSn). BeposiTHoCcTh 3TOr0 COOBITHS OyaeM 0003HaYaTh
P (k). ®opmyny s e€ HaxoKISHUS TaET Cleayrolias Teopema:

Teopema 38. Ecnu mpou3BOAUTCS 1 HE3AaBUCUMBIX UCTIBITAHUN, B KOKIOM M3
KOTOPBIX BEPOSTHOCTH TIOSIBIICHUST COOBITHS ApaBHa p, a BEPOATHOCTH €ro
HETOSIBJICHUsT ¢ =1— p, TO BEPOSATHOCTh TOTO, YTO COOBITHE Amnpou3oinér kpas

onpenensiercss popmynou bepuynnu:

P)=Ch . ™,
Ilpumep 105. UrpasibHyto KOCTh OpocaroT aeciTh pa3. HaiiTu BeposSTHOCTH
TOTO, YTO MPU 3TOM BBINAJIN POBHO TPH IIECTEPKH.
[Ipu kaxaom OpocaHuu OyneM CUUTATh YCIIEXOM BBIMAJCHUE IIECTEPKH, a

Hey/auel — BBIMAJICHUE JI000r0o APYyroro umcia. Torga Mbl OylieM HaXOAWTHCS B
1 5
paMkax cxembl bepuymm ¢ n=10,m=3, p= % q= e Ucnonwsizyst popmyny (72),

MOJTYy4YaeM:

3 7 7
P(H,)=C, - &j (3 = % ~0,155.
Ilpumep 106. Ctpenok cTpensieT o MulleHu 3 pasza. BeposarHoctu
NomajaHus MpU pa3HbIX BBICTpeENax OAMHAKOBHI M paBHbI 0,9. KakoBa BeposITHOCTD:
a) mpomaxa; 0) XoTst ObI OJHOTO MONAJAHNUS; B) HE MEHEE JIBYX IMOMaJaHUM.

[TpoBoauTCs 3 HE3aBUCUMBIX UCIIBITaHMS, T.€. 1 = 3. B kauecTBe coObITHS A

BBICTYIIAET TOMAIaHNe B MUILIEHB, T.¢. p =(,9. BeposarHocts mpomaxa (coObitust B)

BbIuKcisieM 1o ¢popmyne bepaymmum ipu k£ =0:

P(B)=P(0)=C’p’¢’ =1-1-0,’ =0,001.
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Paccmotpum coObite  C— mpousonuio XoTs Obl ogHO momnananue.Haiiném ero

BEPOSATHOCTh, YUUTHIBAS, YTO MPOTHUBOIOJIOKHOE COOBITHE — 3TO MPOMAX MPHU TPEX

BBICTpENAx, T.€. C =B. Torxa o IIEPBOMY CBOWCTBY BEPOSITHOCTH:
P(C)=1-P(C)=1-P(B)=1-0,001=0,999.

PaccmotpuMm coObiTue D — mpou3onuio He MeHee ABYX MomajaHuil. BeposTHOCTH

ATOTO COOBITUSI paBHA CYMME BEPOSITHOCTEH TOro, YTO MPOU3OLLIN 2 MONaJaHus U

BCPOATHOCTH TOI'O, YTO IMIPOU3ONILIN 3 InonagaHusA:

P(D)=P(2)+P(B3)=Cp'¢q' +C p’¢"=3-09-01' +1-09° -0, =
=3.0,81-0,1+ 0,729 = 0,243 + 0,729 = 0,972.

CJ'Iy‘-IElﬁHBIC BCJIMYMHBI HAa KOHCYHBIX BCPOATHOCTHBIX IMPOCTPAHCTBAX

OgHuM W3 BaXHEHUIIMX TMOHSATUH TEOPUU BEPOATHOCTEH (HApALYy CO
CIIy4ailHbIM COOBITHEM U BEPOATHOCTBIO) SIBJISICTCS] TOHATHUE CIIyYallHON BEJTMYUHBI.

Ilon caywaunou eenuyurou TOHUMAIOT BEIWMYUHY, KOTOpas B pe3yJbTaTe
ONbITa NMPUHUMAET TO WM WHOE 3HAYEHHE, MPUYEM HEU3BECTHO 3apaHee, KaKoe
uMeHHo. J{agum psan 6osee CTpOrux onpeaeaeHui.

Onpeoenenue 54.Koneunvim 6E€POAMHOCHIHBIM nPOCMPAHCIEOM
Ha3bIBACTCSI TAKOE BEPOATHOCTHOE MPOCTPAHCTBO (Q,?,P) (cM. ompeneneHue 49),
y KOTOPOT'O MPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHI () COCTOMT U3 KOHEYHOTO YhCIia
3JIEMEHTOB, a o —airedpa f OpeactaBisieT Cco0Ol  COBOKYNMHOCTh  6cex
MOJIMHOKECTB MHOKecTBa €.

]

BoJIBIIMHCTBO MPUMEPOB, PACCMOTPEHHBIX B NEPBOM YAaCTU HAIIUX JIEKLIWH,
OBLJIO peann30BaHO HAa KOHEYHBIX BEPOATHOCTHBIX MPOCTPAHCTBAX. 3aMETHUM, YTO
KJIACCUYECKOE BEPOSTHOCTHOE MPOCTPAHCTBO (CM. ompejeneHue 47) ecTh 4acTHBIM
Cly4ail KOHEYHOTO BEPOSTHOCTHOI'O MPOCTPAHCTBA.

Onpeodenenue 55. IlycTh HaHO KOHEYHOE BEPOSITHOCTHOE MPOCTPAHCTBO

(Q,?,P). Yucnosas ¢yukimus X = X (0)), OTpeJIeICeHHasl Ha TPOCTPaHCTBE
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3IIEMEHTAPHBIX cOObITHI (), HAa3bIBACTCS CAYUANHOU 6eUUUnOl (C.6.)HA (Q,?,P )

|

Jlist o003HAaUeHUs CIIy4allHBIX BEJIIMYWH MBI, B OCHOBHOM, IPUMCHSEM
Oosbilive TaTUHCKUE OyKBBI X,Y,Z u T.1.

Ilpumep 107 (nponomxenue npumepa 93). Ilycts Mbl HAXOUMCSI B YCIIOBUSIX
npumepa 93. 31ech Mbl MMEEM KJIACCHYECKOE BEPOSITHOCTHOE MPOCTPAHCTBO, Y
koroporo  Q={m,0,,0,,0,,0,,0,}, TIe @  — >3JIEMEHTapHOe COObITHE,
3aKmodaronieecs B Bbimagenuu uncnak (kK=1,2,....6). Torma ¢ynxkims X =X (0)),
3aganHas Qopmymoit X (a)k)zk, (k=L12,....6),aBns€eTcs1  C.B. HA JaHHOM
BEPOSITHOCTHOM ITPOCTPAHCTBE.

CﬂyqaﬁHaﬂ BCJIMYMHA, IIPpUHUMAKOOIAA KOHCYHOC HJIH CUYETHOE MHOXKECTBO

3HAYEHUU Ha3bIBAETCS OUCKPEMHOU.

3aKOH pacnpeAeIeHUs CIy4aliHON BEIUYNHBI
B CJIy4a€ KOHEYHOI'O MJIM CYETHOIO BEPOATHOCTHOIO IIPOCTPAHCTBA
(IUCKpETHBIE C.B.)
Onpedenenue 56. Tlycts X = X(®) — c.B. Ha KOHEYHOM BEPOSTHOCTHOM

npoctpaHctee (Q,7,P) u X, <X, <..<X, — BCEBO3MOXHBIC 3HAYCHUSA JTOHU C.B.

3axonom pacnpedenenusn aHHOU C.B. HA3bIBAE€TCS TaOIMIIA

X

) X

X

2 cee m

Py P, Pw ) (73)

1€ HWKHUHU PsAZl COCTOUT U3 YUCEI P, , PABHBIX BEPOATHOCTSIM IIPUHATHS CIIy4alHOM
pemmunHoli X = X(w) swavemmit  x,,p, = P(a) eQ: X (a)) =x,), mnpuuem
p,+p,+..+tp, =1 AHanoruyHo oImpejeNseTcss 3aKOH paclpeieleHus C.B.,

OMPEICICHHOM Ha CYETHOM BEPOSITHOCTHOM IIpocTpaHcTBe (cM. ganee npumep 110).

109



Ilpumep 108 (npononmxenue npumepa 107). OueBuHO, 3aKOH pacrpeeeHus

CIy4ailHOW BEJIMYMHBI, ONIPEACICHHON B IpuMepe 16, nmeeT BU:

X 1 2 3 4 5 6
P 1 1 1 1 1 1 (74)
6 6 6 6 6 6

Ilpumep 109. C.B. X, paBHasi YUCIIy YCIIEXOB B CEpPHH U3 7 HE3aBUCHUMBIX
UCTIBITAHHH, B CHITy (opMyJTbl (72) UMEET CICAYIONINI 3aKOH pacpeIeICHuUsI:

X 0 1 2 n

P qn npqml yl(’lz_l)'pzan pn . (75)

OTOT 3aKOH pacupeaciICHUs Ha3bIBACTCA OUHOMUATLHBIM.

3amMeTUM, 4YTO aHAJIOTUYHO MOXKHO BBECTM B PACCMOTPEHHE CUETHOE
BEPOSITHOCTHOE MPOCTPAHCTBO M CIIyYalHYIO BEJIWYMHY, OINPEAEIEHHYI0O Ha HEM.
PaccMoTpum nmpumMep Takou CciiydyaliHON BEJTUYHUHBI.

Ilpumep 110. Ha HEKOTOPOM CUETHOM BEPOSTHOCTHOM IPOCTPAHCTBE

(Q,7,P) paccmotpum  c¢.B. X, mnpuHHMaromyro 3Hauenus  0,1,2,.m,...c

BCPOATHOCTAMU

m

p, =Plo eQ:X(w):m):a—'-e“’, IJI€ YUCII0 a>0.
m!

3aKkoH pacnpeaeneHus c.B. X BbIpakaeTcsi 0ECKOHEUHOM TaOIUIIeH:

X 0 1 2 m
P e’ ae” a*-e™ a”-e™ (76)
2 m!

Takoli 3aKOH pacrpe/ieiIeHUs Ha3bIBACTCI HyaccoOHo6cKum (C TapaMeTpoM a ).

CnyqaﬁHLIe BCJIMYKHBI Ha ITPOU3BOJIBHOM BCPOATHOCTHOM IIPOCTPAHCTBC

Onpeodenenue 57. CnydaiiHoW BenuuumHOW X  Ha  BEPOSATHOCTHOM
IPOCTPAHCTBE (Q,?,P) Ha3biBaeTca Takas ¢yHkuua X =X(w) oOT

AJIEMEHTapHOTO  COOBITHS, YTO  JuIsl  JIIOOBIX  4YMcen a<b  coObITHE

{a) eQ:asX(w)< b} coziepKuTcs B c-anredbpe *f . Takyio ciydailHyr0 BEJTHYHUHY
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HEBO3MOXKHO OINUCATh C IOMOIIbIO TaOJWYHOTO 3aKOHA paclpeiesieHus: Ui e
OTHCAHUS UCTIONB3YIOT (PYHKITUIO U3 ONpeesieHus 58.

Onpeodenenue 58.@ynukyueil pacnpedenenus CiIydaitHol BETUYHHBI X=X (o)
HasbiBaeTcs Qynkmus Y = F(X) ¢ obmacteio onpenenenums R, 3amaromascs
dbopmyIoii:

F(x)=P(X <x)=PloeQ: X (o)< x}. (77)
|

Teopema 39. Ilyctb X=X(®) — c.B. Ha (Q,ST,P). Torma crpaBeaIMBbI

bopMyIIBL:
Pla<X<b)=F()-F(a) , P(X=a)=F(a+0)-F(a)

HenpepbiBHbIE CiyyaiiHble BEIUYUHBI

Onpeodenenue  59. Cnyuaiinyro  BeauunHy X,  ONpEICICHHYIO  Ha
BEPOSTHOCTHOM  ITPOCTPAHCTBE (Q,?,P), OyJeM Ha3bplBaTh  AOCOAIOMHO

HenpepvleHoll, eclivi ee QYHKIHMIO pacrpeaeneHus £/(x) MOKHO IPEICTaBUTh B BUJIE:

F(x)= Ip(t)dl‘ , (78)
rie  p(x)>0 — Hekoropas (QYHKUMS HA YHCIOBOM MNpAMON, Ha3bIBaeMas

HIAOMHOCMbIO pacnpedeneHuac.s. X .

U3 (78) cnenyer opMyina, BeIpaskaromas IIOTHOCTh pacupenenenus p(X)
uepes pyHKuIo pacupenenenus F(x)
p(x)=F'(x), (79)
a TaKKe CBOMCTBO HOPMHPOBKH:
[ p(x)dx =1. (80)
m

PaccMOTpuM J1Ba Ba)KHBIX NpUMEpa paclpeiesieHH, UCIOJIb3YIOUIUXCS Ha

IIPAKTHKE.
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Ilpumep 111(pasnomepnoe pacnpeodenenue Ha oTpeske). Paccmorpum

(YHKITHIO:
= 1
S y=px) , a<x<b,
R , ; y=p(X)=1b-a
b-a : : 0, x<a,x>b,
0 a b x  rpauK KOTOpOi NpeacTaBieH Ha puc. 14.

Puc. 14
Pacnipenenenue c.B., UMeEKOWIEH IUIOTHOCTh p(X), HA3BIBACTCS PAGHOMEPHBIM
pacnpeoeneHuem Ha OTPE3KE [a,b]. CootBercTBytonasi (GyHKUMS pacrpeaesieHUs

uMmeeT Buj (puc. 15):

y y=F(x) 0, x<a,
F(x)= ﬂ, a<x<b,
b—a
1, x>b,

Puc. 15

IIpumep 112 (Hopmansvnoe pacnpedenenue). PaccMoTpuM QyHKIIHIO

(x)= L ei(z?z = lgp(x ; aj
P N2 o o ’

> (a€eR,0>0), rpaduk KOTOPOM
X

IIPEACTABIICH HA puc. 16.

Puc. 16

2T0T rpa(bmc CUMMCTPUYCH OTHOCHUTCIIBHO HpHMOﬁ X=a U HUMCCT B TOYKC X =a

. . 1
€AUHCTBEHHBII 3KCTpeMyM (MakcMMyM), paBHblIi ———. C.B., HUMemIas

N2 o
IUIOTHOCTH p(X), HA3bIBACTCS HOPMAIbHO PACHPEOEIeHHHOI C.6. C TTAPAMETPAMU d

n o.

112



YucioBble XapaKTepUCTUKH CITyYallHbIX BEJIMYUH (Ta0. 4)

Tabauma
Jluckpemnas KoHeyHO3HAYHASL C.8. \ AbcontomHo-HenpepvléHasl C.8.
Onucanue cayuaitnou geaudunsl
3akoH pactpeaenenus (73) [1noTHOCTH BEPOSTHOCTH , HDYHKIIMS

pacnpenenenus (78), (79), (80)

Mamemamuueckoe oxcuoanue

MX:xlpl +X2p2 +"‘+xmpm MX = Tx p(_x)dx

Hucnepcus c.6. X — 310 MaTeMaTHYECKOE O)KUIAHUE KBapaTa e€ OTKIOHEHUS OT
CBOEro MaTeMaTHueckoro oxuganus, T.e. DX =M (X — MX)?

DX = MX* —(MX)' = Y x’p, — (MX)’ DX = [x* p(x)dx — (MX)?

Cpeonee Keaopamuueckoe omkionenue c.6. X

o(X)=~DX o(X)=~DX

Ilpumep 113 (npomoikenue npumepa 111). Beiuncnum maTemMaTuyeckoe

OXuJaHue c.B. X, paBHOMEPHO pacIpeleICcHHOW Ha OTpe3Ke [a,b]. [Ipumenss

dopmyity, IpUBEAEHHYIO B TabOI. 4, IMeeM:

b
_b’—a’ a+b

dy— 1 x _ _
., 2(b-a) 2

b—a b—a.T

MX = Txp(x)dx = 'b|.x :

a+b

Takum obpazom, MX = HAXOJIUTCS HA CEPEIMHE OTpEe3Ka [a,b].

BpruucnuMm nucnepcuro ¢.B. X, paBHOMEPHO paCIPENECICHHON HA OTPE3KE [a,b]:

b
b’—a’ a’+ab+b’

9

C3(b-a) 3

)= a2 Ny X
M(X )—Lx p(x)dx—.!:x 3

b—a b—a

DX = M(X?)— (M) _a’+ab+ b’ _(a+b]2 _(b-af

3 2 12

b—a
243

Ilpumep 114 (nmponmomxenue mnpumepa 112). MoxkHO TOKa3aTh, 4YTO

CpenHee KBaJipaTUYECKOE OTKIOHEHHE: o (X)=+/ DX =

MaTeMaTHYeCKOoe OKuaaHue c.B. X, HMEIONIeH HOPMaabHOE pachpeaeieHue ¢

rapaMeTpaMi a¥ ¢ PaBHO MapaMeTpy a. T.e. MX =a; cpenHee KBaapaTU4ecKoe
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OTKJIOHCHHE paBHO Mapametpy O, T.e.6(X)=0c. Toraa aucnepcust 1yiss HOPMaJIbHOTO

pacnupenenenus DX =o’.

PA3JAEJ 6. MATEMATHYECKAA CTATUCTHUKA

Jlexknusa 19

OcCHOBHBIC TOHATHS

OnpeneneHue  3aKOHOMEPHOCTEW, KOTOPbIM  MOJYMHEHBI  MacCOBBIE
CIy4yaliHbI€ SIBJICHHUS, OCHOBAHO Ha W3YyYEHUM METOJAMH TEOPUU BEPOATHOCTEM
pe3yJbTaTOB HAOJIOJICHUI, KOTOphle OyJeM Ha3bIBATHCTATUCTUYECKUMHU JaHHBIMU.
N3yyeHnem Takux 3aKOHOMEPHOCTEM 3aHMMAETCS MaTeMaTU4yecKas CTaTUCTUKA. EE
3a/la4a — CO3J]aHhE METOJ0B cOopa M 0OpaOOTKM CTATUCTUYECKUX JAHHBIX IS
MOJIyYEHHUSI HAYYHBIX U IPAKTUYECKUX BHIBOJOB.

[Iycth HEOOXOAMMO H3YYUTh COBOKYIHOCTH OJHOPOJHBIX OOBEKTOB
OTHOCUTEJILHO HEKOTOPOT0 KAayeCTBEHHOTO WM KOJIMYECTBEHHOTO MPHU3HAKA,
XapaKTepU3YyIOIIeTro 3TH 00beKkThl. Hampumep, eciam uMeercs mapTvs aBTOMOOUIIEH,
TO KA4eCTBEHHBIM NPU3HAKOM MOXKET CIYXUTh Kauye€CTBEHHOCTh KaKOro-JI1n0o
ABTOMOOMJILHOTO Y3J1a, @ KOJIMYECTBEHHBIM — JUIUTEILHOCTh MPOOEra aBTOMOOMIIS 110
IIEPBOM MOJIOMKH.

Jlns uccnenoBaHUsl KaueCTBEHHBIX M KOJWYECTBEHHBIX MPU3HAKOB HHOT]IA
IPOBOJAT  CIUIOIIHOE  OOCJeAOBaHHWE: OOCHEAYIOT KaxAbli U3  OOBEKTOB
COBOKYITHOCTH OTHOCHUTEJIBHO MpPHU3HAKa, KOTOPbIM HHTEpecyeT. Ho B HEKOTOPBIX
ciydasx (Kak B HalleM TMpPUMEpPe C aBTOMOOWIISIMH) TPOBOJUTH CIUIONTHOE
oOcneoBaHME HE UWMEET CMbICIa, a WHOrJa JTO CBSI3aHO C  OOJIBIIUMHU
MaTepuaJbHBIMU 3aTpaTamMu. B Takux ciydasx ciaydyaiHO oOTOUpaloT U3 Bceil
COBOKYITHOCTH OTPAHUYEHHOE YHCIIO 0OBEKTOB U UX U3YUaroT.

Onpeoenenue 60.Bovtoopounoii COBOKYNHOCHbIO U IPOCTO

6b100PKOIHA3BIBAIOT COBOKYTHOCTh CITy4aiiHO OTOOPaHHBIX OOBEKTOB.
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Onpeoenenue 61.IenepanvHoil cOB0KYNHOCHIbIO HA3BIBAIOT COBOKYIHOCTH
00BEKTOB, U3 KOTOPHIX MPOU3BOIUTCS BEIOOPKA (B O0JIee aOCTpaKTHOW CUTYAITUH O]
2€HEPANbHOU  COBOKYNHOCHMBIO TIOHUMAIOT BO3MOXHBIE pe3yJibTaThl BCEX
MBICIIMMBIX HAOTIO/ICHUH, TPOU3BOJAMMBIX B HEHU3MEHHBIX YCJIOBHUSX HAJl OJHHUM
00BEKTOM).

|

Uucino 00bekTOoB (HAONIOACHHI) B COBOKYITHOCTH, TE€HEpaIbHOW WIH
BBIOOPOYHOM, Ha3pIBalOT €€ o6vémom. [amum 0Oornee cTporoe omnpeacicHUue
BBIOOPOYHON COBOKYITHOCTH.

['eHepanbHas COBOKYIMHOCTh — ATO ClTydaiiHas BenmnuuHa X (@), 3a1aHHAs HA
INPOCTPAHCTBE DJIEMEHTAPHBIX HCX0A0B (), ¢ BBIICICHHBIM B HEM KJIacCOM
TIOIMHOKECTB COOBITHH *f , JUIi KOTOPBIX YKa3aHbl MX BEPOATHOCTH, T.€. TOBOPHUM
OHEKOTOpOM BeposTHocTHOM mpoctpancTee (Q,F,P) uX(w):Q— R.Hanpuwmep,
KOHTPOJUPYEM pa3Mepbl TPOU3BOJAMMON Ha 3aBOJAC JCTATU WM JellaéM OIpocC
oOmiecTBeHHOro MHeHHus. Takum o0pa3om, 00 0O0BbEKTE HCCIAEAOBAHUS MOKHO
MBICJTUTh KaK O HEKOTOPOHC.B. X .

Onpeodenenue62. Boibopkoii odvema n, m3Mepsromero ¢.B. X , Ha3bIBaCTCS
HaOop ciydailHbix BenuuuH X, X,,...,X,, YJIOBICTBOPSIOMINUX CIEAYIOIIUM
YCIIOBUSIM:

1)c.B. X|,X,,...,X, HE3aBUCUMBI B COBOKYITHOCTH;
2) P(X, <x)=P(X <x), VxeR, Vk=12,..n.
DTO paBEHCTBO O3HAYAET COBMAJICHHE PYHKIMIA pacnpeneicHus ¢.B. X, u X .

|

Onpeoenenue 63.Peanuzayueil 6b100pKu Ha3bIBAIOT KOHKPETHBIC 3HAYCHUS
X{,X5,...,X, BBIOOPKH, MIOTy4EHHBIE B PE3yJIbTAaTe HAOIIOACHUN (UCIIBITaHUI).

|

[Ipu cocraBneHnu BBIOOPKM IOCJE TOrO, KaKk OOBEKT OTOOpaH W HaJ HUM

MpPOU3BEACHO HAOMIOJACHUE, OH MOXET ObITh BO3BpalllEH B TE€HEPAIbHYIO
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COBOKYITHOCTh WJIM HE BO3BpalleH. B CBs3u ¢ 3TUM pas3inyar0T TOBTOPHBIE U
0eCTIOBTOPHBIE BHIOOPKH.

Onpeoenenue 64.Iloemopnoii  Ha3pIBaeTCs BBIOOpPKA, TPH  KOTOPOM
O0TOOpaHHBI OOBEKT BO3BPAIIACTCS B TEHEPAIHHYIO COBOKYITHOCT TEpE]] M3BICUCHUEM
CTICTYFOITICTO OOBEKTA.

]

Onpeoenenue 65.becnoemopHoii Ha3bIBaeTCS BBIOOPKA, NPH KOTOPOM
O0TOOpaHHBIA OOBEKT HE BO3BPAIAECTCS B T€HEPAIbHYIO COBOKYITHOCTb.

]

Jnsg  monmydyeHuss  XOpOIIMX — OLEHOK  XapaKTEPUCTHUK  I€HEPAIbHOM
COBOKYITHOCTU HEOOXOAMMO, YTOOBI BHIOOpKA OblIa penpezenmamugHnoll, Haubdosee
MOJIHO MPEJICTABIIsIAa U3yyaeMble MPU3HAKU FeHepaIbHON COBOKYHMHOCTH. CoriacHo
3aKOHY OOJIBIIMX YHCENl YCJIOBHEM OOeCleueHus penpe3eHTaTUBHOCTU BBIOOPKH
ABIIIETCS  COONIIOIGHHE CIydalHOCTH OTOOpa: BCE OOBEKTHl TeHEepalbHOM

COBOKYITHOCTH JOJIKHBI HMCTBh PABHBIC BEPOATHOCTH IIOIIACTH B BI)I60pKy.

Ilpumep 115.]IBaquath CTYAEHTOB MPOXOIAT TECTUPOBAHUE 10 MAaTEMATHUKE.

Kaxnprit u3 HuX MoxkeT Habpatb ot 0 10 5 6aymtos. Ilyctes X, — konudecTBo 6amioB,

MOJIy4YeHHOE Kk -M CTYJEHTOM, k = m Torna sHauenns 0, 1,2, 3,4, 5 — Bce BO3MOKHEBIC
KoJM4decTBa OamioB, HaOpaHHBIE OOHUM CTYIACHTOM — OOpa3ylT Te€HEPATbHYIO
COBOKYMHOCTbh. Pe3ynbpTaT TecTupoBaHUs ABAIIATH CTYJCHTOB SIBIISIETCS BBIOOPKOMA
X, X5,y Xy . Peanusanusmu BEIOOPKH MOTYT OBITH CELYIOLIME HAOOPHI YHCEL:
{0,1,5,3,4,2,3,1,4,4,3,5,5,2,1,0,1, 1,2, 4}umm {3,1,1,0,4,5,3,5,4,5,3,2,5,1,1,4,2,3,5,
0}.

MeTon CTaTUCTUYECKOTO MCCIEN0BAaHUS, COCTOSIIIMHA B TOM, 4YTO Ha
OCHOBAHMM HU3Yy4YE€HHUS BBHIOOPOYHON COBOKYIHOCTH JENIaeTCs 3aKJIOUEHHUE O BCe

reHepaIbHON COBOKYITHOCTHU, Ha3bIBACTCS 8b100OPOYHBIM.
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Bcs  coBOKyMHOCTh 3HaueHHH C.B. X MPEACTaBIsSCT COOOH TMEPBHYHBIN
CTaTUCTUYECKUN MaTepuall, KOTOPbIM MOMJEKHUT JanbHEiIIel oOpaboTke, Mmpexiae

BCETO YIOPSANOYNBAHHUIO.

[MpenmnonoxuM, YTO MBI H3y4aeM HEKOTOPYIC.B.XHM C OTOH MEJbIo
MPOU3BONUM DSl He3aBHCUMbIX HaOmoaenuit. [lycte X npuHsina n; pa3 3HaucHue,
paBHOE X, ;Nn, pa3 — 3HAYCHUE X, ; 11, pa3 — 3HAYCHUE X, , IPU OTOM 7, +7, +..+1 =N, rae
n — 00BbEM BBIOOPKH.

Onpeoenenue 66.Bapuanmamu c. B. X Ha3bIBAIOTCS 3HAUYCHUS X .

Onpeoenenue 67.Yacmomamu Ha3bIBAIOTCA YHUCIIA 71 , KOTOPBIE IOKA3bIBAIOT,

CKOJIBKO pa3 BCTPEYAIOTCSl 3HAYEHHUS X, B Psijic HAOIIOIECHUN.

|
Onpeodenenue 68.0muocumenvHbiMu yacmomamu W
YacmocmamMUHA3bIBAlOTCS OTHOILIEHUE YacTOT /1, K 00beMY BBIOOPKH 7 :
n
w, =—*. (81)
n
|

Onepanusi pacroioKeHus: 3HAYCHUM CIy4ailHOM BeNWYMHBI (IIPU3HAKA) MO
HEYOBIBAHUIO HA3BIBACTCA PAHMCUPOBAHUEMCTATUCTUUECKUX NaHHBIX. [lomydeHHas

TaKduM 00pasoM MOCJIENOBATENbHOCTE X, X5, X, 3Ha4eHMd c.B. X (Tme

Xp <X, <..SXx,) M X, =minX,,..,x max X,) Ha3bIBACTCS 6aAPUALUOHHBIM

@ =T M i<i<n n = 1<i<n
PAOOM.BapuanliOHHBIN Psii HA3BIBACTCS OUCKPEMHbBIM, €CIU JIO0bIE €ro BapHUaHThI
OTJIMYAIOTCS Ha MOCTOSHHYIO BEJIUYHMHY, U UHMEPBATIbHbIM, €CIIA BapUAHTHl MOTYT
OTJIMYATHCS OJIUH OT JPYTOro Ha CKOJIb YTOAHO MAIYyIO BEJIUYUHY.

Ilpumep 116. (mpomomkeHnue mnpumepa 115). PaccMoTpuM KOHKpETHYIO
peanuzamuio BeiOopku: 0,1,5,3,4,2,3,1,4,4,3,5,5,2,1,0,1,1,2,4. TIpopaHxupoBaB 3TH
3HAUEHUS 10 HEYOBIBAaHUIO, TIONYYUM CJICAYIOIMHUA BapUAlMOHHBIA  PS:

0,0,1,1,1,1,1,2,2,2,3,3,3,4,4,4,4,5,5,5.

117



Onpeoenenue 69.Cmamucmuyeckum pacnpeoeieHuem 6bl00pKu Ha3bIBACTCS

paH)XUPOBaHHBIN (yHOPSAOUYEHHBIN) MEpEeYeHb BapUAHTOB X, U COOTBETCTBYIOIIUX
UM YacTOT A, WM OTHOCUTENbHBIX YACTOT W, .

|
CraTucTudeckoe pacnpcacicHuc BBI60pKI/I MOJKET OBITH 3aIMCaHO B BUIC

CJIEYIONIUX IBYX TaOJIHII;

X, X, Xz X,

n, n, (82)

n, n,

ScHo, uto H, +1, +..+N =N, Tien — 00bEM BEIOOPKH.

X, X, X, X,
w, w, W w, (83)
non n nA+n+.4n n
B cuny (81) monmyuum: W tW, +.. AW =—+—+..+—= =—=1

n n n n n

Ilpumep 117 (nponomxenue npumepa 116).Paccmorpriv BaprualMOHHBIN PST;

0,0,1,1,1,1,1,2,2,2,3,3,3,4,4,4,4,5,5,5.

Bapuanrx, =0 BcTpeyaercst ABaKIBL T.€. 7, =2, BapuaHT X, =1 BcTpedaercs S pas, T.e.
n,=5x,=2—3 paza, Te n,=3,x, =3 ToKe BCTpedacres 3 pasa, T.. 1, =3, BapHaHT
X, =4 Bcrpeuaercs 4 paza, Te. n, =4, a BapuaHT X, =5 - 3 paza, Te. n, =3. [lomydaem
CTIIFOITICE CTATHCTHHIECKOE pacrperierieHre BeIoopkH (1= 20):

X, 0 1 2 3 4 5

1

n, 2 5 3 3 4 3

1

MoskHO TOIIyYUTb 1 Ta6mmy C OTHOCUTCIIBHBIMH YaCTOTaMI.

X, 0 1 2 3 4 5

"\ —=01| —=025| —=015| —=0I5| —=0,2 | —=0,15
20 20 20

118



NHTepBanbHbIi BapUallMOHHBINA PSJT

Ecnmu 00béM BBIOOpKHM 3HAUMUTENEH M TPU 3TOM BBIOOpKA MpeaCcTaBlieHa

OOJBIIMM  KOJWYECTBOM BAapHUAHTOB X

i°

TO JUisl JalbHeWmer oOpaboTku
CTaTUCTHYECKUX JaHHBIX yIOOHEe HCIOJIb30BaTh HHTEPBAJIBHBIA BapHallMOHHBIN

ps.

JUIs MOCTPOECHUS WHTEPBAIBHOTO psAZla HEOOXOAMMO OINpPEACIUTh BEIUYUHY
YaCTUYHBIX MHTEPBAJIOB, HA KOTOpbIE pa3OMBaeTCsi BECh WHTEpBal BapbHUpPOBAHUS
HaOIro1aeMbIX 3HaYeHHu ¢.B. X . JIIMHY 4aCTUYHOTO WHTEpBaNIa /i HYXHO BHIOpaTh
TakKuM 00pa3oM, YTOOBI IOCTPOEHHBIN PsiZl, C OJHOU CTOPOHBI, HE ObUI IPOMO3/IKUM, a
C JIpyroi — MO3BOJIMI BBISIBUTH XapaKTEpHbIE YEPThl M3MEHEHUS M3ydaemon c.B. X
Jlo ¢hopmyne Cmeposrwceca onTrManbHOE YKMCIO HHTEPBAJIOB OINPEACISAETCS 10

dopmynem=1+3,322-1gn,a JIMHA HHTEpBaJla—
j = Zmax min ) (84)

T€ X, — Xmin— PA3HOCTb MEXAY HaMOOJIBIIUM W HaUMEHBIIUM HAOJI0JaeMbIMU

3HaueHusiMu.Ilpy  »ToM 3a  Hayano MEpPBOro  HMHTEpBaja  MPUHUMAETCS
X, 00 =Xpin — 0,5 1.

Ilpumep 118.B pe3ynbTaTe Tpex 3k3amMeHOB rpymma u3 30 Hay1auy BEIOpaHHBIX
abuTypHueHTOB Halpajia cieayrolryo cymmy oamos: 157, 175, 170, 166, 159, 173,
182,167, 171, 169, 172, 164, 173, 175, 171, 158, 179, 156, 165, 179, 155, 178, 160,
154, 183, 153, 155, 167, 186, 163. I[locTpouTh MHTEPBAILHBIN P,

Pewenue.CHauana ynopsii0uyuM NOJIy4eHHbIE JAHHBIE 110 BO3PACTAHUIO:

153, 154, 155, 155, 156, 157, 158, 159, 160, 163, 164, 165, 166, 167, 167, 169, 170,
171,171, 172,173, 173, 175, 175, 178, 179, 179, 182, 183, 186.

Scuo, uro x.;, =153, x,,, =186. Halinem 4nciao 4aCTUYHBIX MHTEPBAJIOB U JUIMHY

186-153 33 _

uHTepBasia nmo ¢gopmyne Crepmxkeca: m=1+3322-1g30=591, s= 91 301"

5,59.

Bossmem A=6, Toraa x,,,,~153-0,5-6=150.
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Pazobnem Bech psn Ha 6 uHTepBaioB: [150, 156), [156, 162), [162, 168), [168, 174),
[174, 180), [180, 186). IlomcunraeM YHcIO AOUTYpPUEHTOB, IMOMABIINX B KaXKIbIH

H3II0JIYUYCHHBIX HHTCPBAJIOB, U ITIOJIYYHUM HHTepBaHBHBIﬁ paa:

Cymma
[150, 156) | [156,162) | [162,168) | [168, 174) | [174, 180) | [180, 186)
OaJu10B
YacTtoTa 4 5 6 7 5 3
OTHOCHT.
450 %o %0 750 %0 %0
JacToTa

Jlexmuna2(

FCOMeTpI’I‘IeCKOG nsoﬁpamenne CTATUCTHYCCKOI'0 pacnpeacjacHus

OMnupuyeckas QyHKIUsS pacnpeaeaeHus

Onpeoenenue 70.OyHKIUSA

F)=— n, (82)

n kX <x
Ha3bIBACTCS IMRUPUUECKOU PyHKYuell pacnpedenenus, rie n— oobEM BEIOOPKH, 7,

— 4acTOTa MOSABICHUS BAPUAHTHL X, ,a an — YHCJIO BBIOOPOUHBIX 3HAUYEHUH X[, X,,...,X,

keix <x

<x.JlI1 HaXOXIEHUs 3HAYEHUH SMIUPUYECKOM(PYHKIMU ya0oOHO €€ 3amucaTh B

~ n, ) y
Buzne: F (x)=—, rae n— o0bEM BBIOOPKH, /1 — YHMCIO HAOIIOAEHUH, MEHBIIUX X
n

(xeR).
Bonee pasBepHyTast popmyiia UMeeT BHI::
0, X <Xy
mn < <
ot X <x <Xy,
ny +}’l2
X s X <X =X,
LE1C e DO (86)

n;
27, .X'k_l <.X'S.Xk,

1=
1, X> X,
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3HauenuaAMH F,(x)sSBIsSIOTCS Tak HasblBaeMblenaxoniennvieuacmocmu. 1padux

AMIIMPUYECKON (YHKUMU paclpenesieHus: CTPOST TaK ke, Kak ¥ rpaduk (QyHKIHH
pacnpenaeneHus F(x) IMCKPETHOM C.B.
|
Ilpumep 119 (npomomxenue mnpumepa 117).IlycTe naHO cTaTUCTHYECKOE
pacrpenenenue Beioopku (17 = 20):

X, 0 1 2 3 4 5

1

n. 2 5 3 3 4 3

1

HaiiTi ¥ MOCTPOUTH IMIUPHUECKYIO BYHKIHIO F, (x).

JInst HaXOXKJICHHS AIMITUPUUISCKON (PYyHKIIMH BOCIIONIB3yeMcsl hopmylioi (86):

0, x <0,
i, 0<x<1,
20
l, 1<x<2,
20

ﬁn(x)z 21(()) 2<x<3,
E, 3<x<4,
20
i, 4<x<5
20
1, x> 5.

Ecnu BapuallMOHHBIN PsiJi COCTABJIEH MO MHTEpBajlaM 3HAYCHHUI U BKAYECTBE
NPEJICTaBUTENII HWHTEpBajga OepeTrcs ero cepeAnHa, TO ASMIUPUYECKas (yHKIIHS
COCTABJISIETCS TAK K€, KAK MO BapUAILMOHHOMY psiay o 3HaueHusM. Ho B xauectBe
peACTaBUTEINII MHTEpPBajla MOXXHO Oparh MpaBblidi KoHell WHTepBaia. OObeauHss
OTpE3KaMHu TOYKH, KOOPAWHATAMH KOTOPBIX SIBJISIFOTCS MPABbIE KOHIIbI HHTEPBAJIOB U
HaKOIUJICHHBbIE YaCTOCTU COOTBETCTBYIOIIMX HWHTEPBAJIOB, IOJYyYaeM JIOMAHYIO
JIUHUIO, SBJISIONIYIOCS JIOBOJBHO XOPOIIUM MPUOIMKEHUEM Zpaghuka GyHkyuu
pacnpeoeneHus HenpepvleHoll cay4ainoil eeauuunvl. Taxkol rpaduk sBISETCS
TOYHBIM, €CJIM BCE€ 3HAYEHUS B Ka)KJIOM HHTEpPBAJC pacHpelesieHbl PaBHOMEPHO.

AHanuTuyecKuil BUA 3TOM (PyHKINUN JOBOJBHO CIIOKEH.
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B ommuyme OT JMmHpUYeckodl (yHKIMM pacmpeneneHus F(x) (yHKIuO
pacnipenenenus F(x) reHepambHOH COBOKYIHOCTH HA3BIBAIOT MeEOPEMUUECKOT
gynukyueir pacnpedenenus. Oyuxuus F (x) urpaer QyHIaMEHTAaNIbHYIOPOIb B

MaTeMaTU4YeCKONM CTaTUCTUKE. BakHenmee €€ CBOMCTBO COCTOUT B TOM,YTO IIPH
yBEIMYeHUH  00bEMAa  BBIOOPKH 71 MPOMCXOAUTCONMKEHUEITON  (QYHKIMH

CTEOPETUYECKOM.
[Tonuron u rucrorpamMmma

HaOmromaembie naHHBIC, NpPEACTABICHHBIE B BHUJE BapHAIlMOHHOTO psfa,
MOXHO H300pa3uTh TpaUUYECKH C IMOMOIIBI0 TMOJUTOHA M THUCTOTPAMMBI. ITO
MO3BOJISICT MOJYYUTh HArJsIHOE MPEICTaBICHUE O 3aKOHOMEPHOCTH BapbUpPOBAHUS
HaOJIF01aeMbIX 3Ha4YeHuil ¢.B. X .

Onpeoenenue 71.Ilonuzonom yacmom(oOmHoOCUmMENbHbLX uacmom)

HA3bIBACTCA JIOMaHasA, OTPC3KU KOTOpOﬁ COCONHAIOT TOYKH C KOOpANHATAMU (Xl,l’ll);

(x2’n2);“';(xk7nk) (C KOOpJAnHATaMH (xl’ﬁl); (xzasz); ;(xk’ﬁk))'
u
Onpeoenenue 72.Tucmozpammoni yvacmom (OMHOCUMENbHBIX YACHMON)
Ha3bIBAaCTCSA CTyNeHdYaras (purypa, cocTosimas U3 MPSIMOYTOJbHUKOB, OCHOBAHUSIMHU
KOTOPBIX SIBJIAIOTCS YaCTUYHBIC MHTEPBAJIbI IJIMHOW /4, a BBHICOTHI paBHBI 4aCTOTaM
(OTHOCUTENIBHBIM YaCTOTaM) COOTBETCTBYIOIIUX MHTEPBAJIOB.
u
Ipumep 120.]1514 olleHUBaHUS 3HAHUM CTYJEHTOB-TIEPBOKYPCHUKOB MPOBEAECHA
KOHTpOJIbHAsE paboTa Mo BBICIICH MaTeMaTuke. Pe3ynbTaThl KOHTPOJISI B BEIOpaHHOM
rpyIrme u3 25 CTYJIEHTOB OKa3aJIUCh CICAYIOIIUMU: 3 CTYJICHTA BBITIOJIHWIN PaboTy
Ha «5», 10 — Ha «4», 9 — Ha «3» U 3 — Ha «2». [loCTpOUTH MOJUTOH YaCTOT U
AMITUPUIECKYIO (YHKIIMIO PACTIPEICIICHHS.
Pewenue. O0béM BbIOOpKM n=25. IlpencrtaBumM UCXOJHBIC JaHHBIE B BHJIC

AUCKPCTHOTO BAPUALMOHHOI'O psaa:
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Cornacao dopmyse (86) smnupudeckass GyHKIUS pacnpeieICHUsIA TOJIUTOH YacTOT

UMEIOT BUJ:

0, ecmux<2;

9
\

]

i,eCﬂu2<x£3; 7 / \\
25 :

R > . / \
F(x)z —,eciu3<x<4; 4 / \

! 25 3
2
1

—,eciud<x<5;
25

1, eciu x > 5. 0

Jlexknusa 21

Toueunsblie OlleHKU MAPAMETPOB pacipeaeeHus

UucnoBble XapaKTEPUCTUKHU CTATUCTUYECKOTO pacIpeieIICHHS

byaem cuutaTh, yTO M3Mepsemas c. B. X HMeEeT HEU3BECTHBIC IMapaMeTpHhI,
KOTOpbIE HaM HYKHO OIEHUTh. Hampumep, MBI MOXXeM 3HaTh, 4TO C.B. X MMeEeT
HOpPMAaJbHOE paclpe/ieiieHrue ¢ apaMeTpaM a U ¢, KOTOpPbIE HaM HEU3BECTHBI. J{Jis
MOJIYYCHHUSI HEOOXOJIUMBIX OIICHOK HaM HYKHO TO3HAKOMHUTHCA C HEKOTOPBIMH
YUCJIOBBIMU XapaKTEPUCTUKAMU CTATUCTUYECKOTO paclpeieNICHuUs.

Onpedenenue 73.Bvibopounvim cpeonum X (cpeaHuM apudMETHUCCKHM)

HAOJIFOTaeMbBIX 3HAYCHUH C. B. X Ha3bIBaeTCS YMCIIO0, onpeeasieMoe (OpMyJIoi:

> Xtx,t+.otx, 1
X="1_"2 :—Zxk. (87)

n =

|
Ecau Ha6J'IIOI[aeMBIe JAaHHBIC IPEACTABJICHBI B BUJIC BApUALITMOHHOI'O psAjaa, I'/iC

X{,X,...,X; — BapHaHThl 3HaueHud c.B. X, a n,N,,..., i, — COOTBETCTBYIOIINE UM

YaCTOTBI, TO BEIOOPOYHOE CPETHEE BRIYHUCIISICTCS 110 (hopMYyJIe:
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— X n+4+x, n+..+tx -n 1& L
X =t 1 2 2 k k:—in-niZin'Wi- (88)
i=1 i=1

n n.i

Onpeoenenue 74.Bvibopounoii oucnepcueii DX 3nauenuit c.. X HasbIBaeTCs
cpenHee apupMeTHYECKOe KBaJAPATOB OTKJIOHEHUN HAOMIOJAaeMbIX 3HAYEHUU ATOU
BEJIMYUHBI OT UX BBIOOPOUYHOT'O CPEIHETO:
px=L75 X (89)

n e ]

AHaJIOTUYHO JUIs1 BAPUAITMOHHOTO PsAJia BEIOOPOUHAS TUCTIEPCHS ONIPEACIISIETCS
dbopmyIou:

O YORD SRS YR TS ©0)

n =
VHTYMnusT HAaM IOACKA3bIBAaeT, d9TO 4Yucna X U DX ZOIDKHBL  ObITh
NpUOTIDKEHUSIMU MaTEeMAaTHYECKOTO OXKUAaHUS U auctepcuu c.B. X . Oka3biBaeTcs,
9TO TepBas (GopMmysa — 3TO XOpollee MPUOIMKCHHE MAaTEMaTHUECKOTO OXKHIaHHS
c.B. X, a BTOpas — He OYCHb Xopoliee npudmmKeHue aucrnepcuu ¢.B. X . [Toatomy
BBOJMTCS CIICAYIONIAs UCHPABIEHHAA OUCHEPCUL:

DX =—>(x, - X). 91)

n—1 n—13

/\2 n
S =

JlanHoe BeIpakeHHe OyJeT 1aBaTh XOpoliee NPUOIMKEHHE Tucnepcuu c.B. X .
Onpedenenue 75.Boloopounsim cpeoHum Keaopamuueckum OmMKIOHEHUEM
G, Ha3bIBaeTCs apUPMETHUCCKUI KBAIPATHBIN KOPEHB U3 BHIOOPOUHOI AUCTIEPCHU:
6. =DX . (©2)
]
JUis MHTEpBAJILHOTO BapHAIIMOHHOTO psga (OpMyJbl i BBIOOPOYHBIX

cpeaHux OyayT aHasnorndHsl ¢popmyiam (88)—(92), Ho 3a 3HaUEHUS X, X,,...,X; HAJO
OpaTh HE KOHIIBI TPOMEXYTKOB [xo,x1 ), [x1 , X, ),. .. ,[xw1 ,xn] , & UX CepeauHbl

)CO-+-)Cl )Cl+)C2
2 72

9o
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B Ka4yCCTBC OIMUCATCIBbHBIX XapaKTCPUCTUK BapUAIMOHHOI'O psAaaa

x(l),x(z),...,x(n) (I/IJ'II/I MOJIYUYCHHOIO H3 HCTO CTATHCTHYCCKOTO pPaACHpPCACICHUA

BBIOOPKH) UCIIOJIB3YETCSI MEIMaHa, MOJia, pa3Max Bapuanuu (BEIOOPKH) U T.1I.

Onpeodenenue 76.Pazmaxom eapuauuu HA3bIBAECTCA YUCIOR =X, — X, TI€

X, =minx,, x, =maxx, (Wm R=x_ —x

in?
1<k<n 1<k<n min

rae x, — Hauboibluii, a
X, . — HauMEHbIIUHN BapuaHT psija).
_

Onpeodenenue 77.Modou M eapuayuonnozo psada Ha3bIBACTCS BapUaHT,

UMEIOIIMNA HauOOJIBIIIYIO YacTOTY.

|
Onpeodenenue 78.Meduanoit M , eéapuayuonnozo psaoa Ha3bIBaeTCs 3HAUYCHHE

npu3Haka (c.B. X), IPUXOAIIEecs: Ha CEPEIUHY Psia.
Ecmu  n=2k(T.e. PII X, X500 X4y » Xty oeos X(opy AMEET YETHOE YHUCIIO

Xy T Xy

YJIeHOB), TO M =——————"";ecnmu n=2k+1, TO M =x__, .
e 2 > e (k+1)

IIpumep 121. JlaHO CTaTUCTUYECKOE paclpeieleHue BEIOOPKU:

X, 0 1 2 3 4 5

1

n, 2 5 3 3 4 3

1

Haiitu BbIOOpOYHOE CpeaHee, BHLIOOPOYHYIO UCIIEPCHUIO, HCIPABICHHYIO
BBIOOPOUHYIO AUCIIEPCHUIO, pa3Max BapHalluU, MOy, MEHMaHy BapHAIlMOHHOTO psija:
xoon+x,on+..+x.n  0-2+1-5+2-3+3-3+4-4+5-3 51

X = ——=255;
n 20 20

A k e
DX =12(xf —X)*n, :2_10((0—2,55)2 2)+(1-2,55)> -5+ (2-2,55)° -3+
n i=1

+(3-2,55) -3+ (4—2,55)" -4 +(5-2,55)* -3) :%(13,02“2,05 +0,93+0,63+

53’122,66;
0

+8,44 +18,03) =
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R=5:M,=1;M ="ut¥n _2¥3_,4
2 2
Onpeoenenue 79. llyctb 3akoH pacmpenencHuss Cc.B. X COIEPKHUT

HEU3BECTHBIM TapameTp 6. Ouenkou (cmamucmuueckoil oyenxoil)napamempal
HasbiBaercs Hekoropas gpyukims 6, =0, (X, X,,...,X,) or cB. X, X,,...X,, T.e.

ero mpuoOIMKEHHOE 3HAYCHUE, 3aBUCAINEE OT TAaHHBIX BHIOODA.
|
Onpeoenenue 80. DyHKIUIO pe3yJbTaToB HaOMOACHUN (T.e. (QYHKIIUIO
BBIOOPKH) HA3BIBAIOT CHAMUCHMUKOIL.

~

MoOXHO cKa3aTh, 4TO OIlcHKa 0O, mapamerpa HecThb CTaTHUCTHKA, KOTOpas B

OHpeIleJ'IéHHOM CMBICJIE OIM3Ka K HNCTHHHOMY 3HAaUCHUIO 0.

~

Omenka ©O,— cioyvaiiHass BeJWYWHA, TaK Kak sBISETCS  (QYHKIUCH

n

He3aBUCUMBIX C.B. X, X,,...,X,. Eciau npoussectu Apyryio BBIOOPKY, TO (YHKIHS

IIPUMET, BOOOIIIE TOBOPS, APYroe 3HaUYCHHUE.

Ecau uyuciao onbITOB (H&6JIIOI[CHI/H>'I) HCBCJIMKO, TO 3aMCHA HCU3BCCTHOI'O

A

nmapamerpa @ero oueHkod 0, , Hampumep, MaTeMaTHYEeCKOTO OXKUIAAHUS CPEIHUM

0o
apu(pMETUYECKUM, TMPUBOJUT K OIIMOKE,KOTOpas B CpeJHEM TeM OOoJjblle, 4YeM
MEHBIII€ YHUCIIO OTBITOB.

K ornenke mo0oro mapameTrpa npeabsBiIsSeTcs psii TpeOOBaHUI, KOTOPHIM OHA
JOJIKHA  YAOBIIETBOPSIT, YTOOBI OBITH «OJU3KOW» K HCTUHHOMY 3HAYEHUIO
napaMerpa, T.e. OBITb B KaKOM-TO CMBICIE «JOOpOKauYEeCTBEHHONW» OLIEHKOM.
KaudectBOo oleHKHM OIpeAensioT, MNpoBepsis, o00JagaeT JU OHa CBOWCTBAMHU

HECMEUIEHHOCTH, COCTOSITENIbHOCTH, 3P(HEKTUBHOCTH.

Onpeodenenue 81. Ouenka 0, Ha3piBaeTcs Hecmeuyennou, ecu M6, =0.
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Onpeoenenue82.01ieHKka ), HA3BIBACTCS COCHIOAMENbHOU, €CIIA JISI BCSIKOTO

&> 0 Bpmonnsercd lim PQén -0/ < 8)2 1.

n—>®0

~

B Teopuu BepOsSTHOCTEH B 3TOM Cllydae TOBOPST, 4T0 &, — @ 110 BEpOSTHOCTH.

Onpeoenenue 83. OueHka 6, Ha3bIBaeTCs I¢hhekmuenoil, eciu s OO0

4

!/ ~
APYToH OlleHKH 6, mapameTpa 6 BeimonHseTcs: cootHouenne DO, < DO, .

]

HecmernieHHOCTh OLIEHKHM O3HA4YaeT, YTO MPUOOP, KOTOPHIM Mbl TTPOU3BOIUIU
U3MepeHHsl, TU00 CrIoco0 U3MEPEHUs HE COACPKHUT CUCTEMHOU omuoOku. B cpennem
MBI TI0JTy4aeM u3MepseMblid mapamerp 6. CocToSITeIbHOCTh OIIMOKU TOBOPUT O TOM,
YTO TIpU YyBEJIWYEHUM 4YHCIa W3MEPEHHMM Hala OIleHKa MpUOImKaeTcs K
u3MepseMomMy napamerpy 6. A 3pheKTUBHOCTh 03HAYAET, YTO JaHHAS OLICHKA UMEET
HAaWMEHBIITUH pa30poc 3HAYCHUM.

[Tycte wu3yuwaercs c¢.B. XC MaremMaTHYeCKUM OxupaHuem a=MX wu
mucriepcueit DX ; 06a mapaMeTpa HEM3BECTHEI.

Cratuctuka, WHCHOJb3yeMas B  KauyecTBEe MNPUOMKEHHOTO  3HAYCHMS
HEU3BECTHOIO MapaMeTpa T'€HEpPaJbHON COBOKYMHOCTH (T.€. ONPENEseTCs OJHHUM
YHCJIOM), Ha3bIBACTCA €€ MOoUeUHOl OUEeHKOU.

Hawnbonee pacnpocTpaH€HHBIE TOUEYHBIE OLICHKU:

. B xauecTBe moueyHOU OUEHKU HEU36ECHHO20 MaAmMeMamu4ecKkoo
0JICUO0aHUsA TEHEPAIBHOW COBOKYIHOCTH, T.€. TE€HEpalbHOM cpeaHell a= MX,
WCIIONB3YIOT BBIOOPOYHOE cpemHee X , BBIYMCICHHOE II0 BHIGOPKE. MOXKHO
JI0Ka3aTh, YTO BBIOOPOYHOE CpEHEE SIBISETCS HECMEIIEHHOM U COCTOSITEIbHOU
OLICHKOM I'€HEePAIIbHON CPEIHEN.

2. B KayecTBe MOUYEYHOU OUEHKU 2EeHepAlbHOU OUCHEepCUu VCIOIb3YIOT
BBIOOpOUHYIO mucriepcuio DX smasenmit c.B. X . Ho oTa orenka He oOmagaer
CBOWCTBOM HECMEIMIEHHOCTH, MO3TOMY €€ Ha3blBalOT CMEIIEHHOW OLIEHKOU
reHepanbHoi aucnepceun DX .
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3. JIns nyummeiimoueunoii oyenku zenepaivHou oucnepcuu DX MCnonb3yroT

A

MCIIPABJICHHYIO AUCIEpcUI0 S°; eé Ha3hIBAIOT HECMEIIEHHOM OLIEHKOM reHepaIbHO
mucriepcuu DX .

KpoMe paccMOTpeHHBIX, MOKHOIIPUMEHTh U JIPYTHE TOUYEUHBIE OLIEHKH, HO
JUISL MX TIOJTy4YEHUS UCTIOIB3YIOT ClIeHalIbHble METOMBI| 1 .

IIpumep 122. HaiiTi HECMEIIEHHYIO OIICHKY TUCTIEpCHU C.B. X Ha OCHOBaHHH

JaHHOT'O pacCIpCaCIICHUA BBI60pKI/Il

X; 2 7 9 10

n; 8 14 | 10 | 18

Pewenue.

HaxoauM BEIGOPOUHYIO CPESHION X = 2:8+7-14 ;3 10+10-18 _ 7,68.
Jlns  BelUMCIEHHMS ~ BHLIOODOYHOM — JMCHEPCHH  BOCIIONB3yeMca  (pOPMYIO:
Dx=Xx>-(X )2:

72 :4~8+49~14+81-10+100-18:66,56, DX=66,56—(7,68)2 _758.

50
HaxoguM HecMEIlleHHYI0 OLIEHKY JUCIepCUH («UCIPaBICHHYI0» BBIOOPOYHYIO

" DX:@-7,68:7,73.
49

JUCIIEPCHUIO): $? =

Ipumep 123.B xoze sKcriepuMeHTa MOTyYEHbI JaHHbIC HAOIIOACHUI:

X; 14 15 16 17 18 19 20

n; 6 10 18 28 20 12 6

JIyist maHHO¥ BBEIOOPKY BBITIOJIHUTH CIEAYIOIIEE:
— MOCTPOUTH SMIIUPUYECKYIO (PYHKITUIO pacipeiesICHus;
— BBIYUCJIUTD YHUCIIOBBIC XapaKTEPUCTUKHU BHIOOPKHU (MOJIa, MeIMaHa, pa3Max
BBIOOPKH);
— BBIYUCJITh HECMEIIEHHYIO OLIEHKY T'€HEPAIbHOU CPEAHEN, CMEIIEHHYIO U

HECMEIIEHHYIO OLIEHKU T€HEPAIIBHON TUCTIEPCUM.
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Pewenue. Halinem uncnoBble XapaKTepUCTUKU JAHHOM BBIOOPKHU:

1.
2.
3.

6.

MuHuManbHOE U MaKCUMaJIbHOE 3HaueHUs BBIOOpKH: X, =14, x, =20.

Pasmax BeiGopku: R=x,, —x,. =20-14=6.

Mopa: M,=x,=17.

. Tak KaK BapualMOHHBIA PNl COAEPKUT YyeTHOE 4uciio BapuaHT (n=100), To

menuaHa M, = 50 42—x51 = 17 er 17 —

17.

. BeibopouHoe cpeqiHee (HeCMENMIEHHYIO OLIEHKY T'eHEepalibHOU CpeHEl):

)?:14-6+15-1O+16-18+1716?)8+18-20+19-12+20-6:17,06.

Bribopounas nucnepcus (CMeéHHas olieHKa reHepaaIbHON JUCIIEPCUHN ):

n

ﬁX:l-Z(xi—)?)z n;.

i=1

DX =((14-17,06)* -6+ (15-17,06)* - 10+ (16 —17,06)* - 18 + (17 —17,06)* - 28 +
+(18-17,06)* -20+(19-17,06)* - 12 +(20—17,06)* - 6) /100 = 2, 33.

7.

Cpennee KBaJipaTHYECKOE OTKIIOHEHUE (HECMENIEHHAS OLIEHKA TeHepaTbHOM

mucnepenn) : &, =+ DX =+/2,33 =1,53.

8.

3anuiieM SMIUPUYECKYI0 (YHKIIMIO JaHHOTO pacrpeaeneHus. [ns 3toro

. n,
HalJ1IeM OTHOCUTEIbHbIE YaCTOThl W, = — U PE3YJIbTaThl OPOPMHUM B BUJE TAOIUIIbI:

x, | 14 | 15 | 16 | 17 | 18 | 19 | 20
0,06 | 0,10 | 0,18 | 0,28 | 0,20 | 0,12 | 0,06

i

Torga smnupuueckast yHKIUs pacupeneaeHus Fn (x) UMeeT BUJI:

0, x<14,

0,06, 14<x<15,
016, 15<x<16,
034, 16 <x<17,
0,62, 17<x<18,
082, 18<x<19,
094, 19<x<20,
1, x > 20.
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Jlexknusa22

I/IHTepBaJIbHLIe OLCHKHU MMapaMETpPoOB pacipeacJaICcHuA

OcHOBHBIE OIpEeAEIICHUS

Toueuynwble OIEHKM HEM3BECTHOIO IMapamMeTpa @ Xopolmud B KayecTBe
NEPBOHAYAJIBHBIX PE3YyJbTAaTOB 00pabOTKM HaOmtoaeHui. X HeqoCcTaToK COCTOUT B
TOM, YTO HEU3BECTHA TOYHOCTh & > (0 olleHMBaHUs nmapameTpa. [lo3ToMy U BO3HUKAET
3alaya 0 MPUOJIMKEHUHU Mapamerpa 6 HE OJHHUM YHUCIOM, a LEIbIM HHTEPBAJIOM.

PaSYMCeTCH, YCMMCHBIIC JIMHA 3TOI0 MHTCPBAJIa, TCM TOYHCC OILICHKA IIapamMceTpa.

A

[ToaTomMy, ecim aist oeHKH @, HEKOTOPOTro napameTpa @ CrpaBeJIIBO HEPABEHCTBO

A

0 — 49‘ <&, To yucno ¢ >0 xapakrepu3yeT TOUYHOCTH OleHKHU. Ho craTtuctuueckue

n

MCTOJbI ITO3BOJIAIOT I'OBOPUTH TOJIBKO O TOM, YTO 3TO HCPABCHCTBO BLIINMOJIHACTCA C

HEKOTOPOU BEPOSATHOCTHIO.

Onpeoenenue 84.Haoérxucnocmuio (006epumeibHoll 6epOAMHOCHMbIO) OLICHKU

A

€, mapameTpa 6 Ha3bIBACTCS BEPOSTHOCTH ¥ TOTO, YTO BBIMOJIHSACTCS HEPABEHCTBO

n

A

0 —0\<g.

n

A

Ecaun 3aMeHUTH 3TO HEPABEHCTBO JBOMHBIM HEPABEHCTBOM 6; —£<0< ‘9;1 +&,

TO IOJIYYUM, YTO HAJEKHOCTh ONPEAEIIAETCS KaK
P(@n—g<9<¢9n+g)=y, (93)
Onpeodenenue 85./]osepumenvHbim HA3bIBACTCS HHTEPBAJ, B  KOTOPBIH

rmoragacT HEU3BECTHBIN mapameTp € 3aHaHHOﬁ HaIlé)KHOCTLI-O V.

A

WNubIMM cllOBaMu, TOBEPUTENbHBIN MHTEpBaN [, = (Hn -&,0, + 8) MIOKPBIBAET

HEW3BECTHBIM TMapaMeTp ¢ C 3aJaHHOM HaJAEKHOCThIO Y. BbiOOp BeTWUYUHBI
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JIOBEPUTEIIbHON BEPOSTHOCTH 3aBUCUT OT MOCTAHOBKM 3ajnauyu.Yame Bcero Oepyrtcs

3Hauenus ¥ =0,9;0,95;0,99;0,997.

[TocTpoeHune n1OoBEpUTEIbHBIX HHTEPBAJIOB ([I.1.)

HOPMAaJIbHOTO pacipeaeieHus

[Tycts uccnenyemas ¢.B. XuMeeT HOpMaIbHOE PACIPEICIICHUE C apaMeTpaMu

an o. 3HaueHHus BapuaHT BbIOOpkH X, X,,...,X — He3aBUCHMBIE C.B., KaKaas W3

KOTOPBIX TAKXKE UMEET HOPMAJIbHOE pacipesiesieHue ¢ napamerpamu au o. [loctpoum

A.U. U 1apaMETPOB 3TOT'O PACIIPCIACIICHUA.

1. I[.I/I. A MATEMATHYECCKOI0 OKNTAHUSTIPA H3BECTHOM AUCIIEPCUHA

PaccmarpuBaercs ciyyan, Koraa I[I/ICHCPCI/ISIDX=(721/I3BCCTH8, a B poyix

HEU3BECTHOIrO napamerpa @ BeIcTynaer 3HaueHue MX=a. 3agaaumcsi HaJ€KHOCTBIO

A

Y ¥ HaiaéM .M. Uil MAaTeMaTHYeCKOTro oxunanus. Bo3pméM oneHky 6, mapamerpa

0=a pasuoit X , rue c.B. X — BeIGOpouHOE cpenHee. MOXHO IOKa3aTh, YTO IIPU

G —_— —_—
&=U -—=> OBBINOIHACTCA  PABCHCTBO P(X —e<a<X+ 8)= y. 3mece U

N ,

OmpenessaeTcsl U3 PaBEHCTBA q)O(Uy):%, n — 00bEM BBIOOPKH, O — H3BECTHOE

Cpe€aHeC KBaAPAaTHYCCKOC OTKIIOHCHUC. Torma MbI moJrydacm CJIGI[YIOIHI/Ifl
()oeepumejzbubtﬁ unmepeasl OUEHKU 011 mMamemamuueckKozo oofcanHu;l.Hpu

U38eCMHOU OucnepcuMOH HNMCCT BHU .

o)

Ia:()?—Uy-\/;;)?+Uy-%j. (94)

2. .1, 1yt MaTeMaTH4YeCKOr0 0:KUIAHUSITIPUHEN3BECTHOM INCIIePCHH
IlycTh Teneps mapaMeTpo HOPMAJILHOTO 3aKOHA pacrpejeneHus npusHaka X

reHEPAILHON COBOKYIHOCTH Heuzsecmen. YkaxkeM 1o X, X,,...,X, ouenky 6 =X

131



Zn:(X . —X), xoropas
n—1i3

mapaMerpa ©=a W HCIPABICHHYIO AMCIEPCHIO S~ =

o o 2
ABJACTCA  TOYCYHOM OHOCHKOM JIA JUCIICpCHH O . I/ICHOJ'II)BYH 3aJaHHYIO

~

S-t

y,n—=1

N

JIOBEPUTENBHYIO BEPOSITHOCTh ), MOXHO HaWTHUE = >(0 Takoe, 4TOOBI

BBIITOJIHAJIOCH PABCHCTBO
P(X-s<a<X+s)=y.

3mece 4MCino f,, ONpPENENSETCs 10 HAIEKHOCTH ) ¥ 00BbEMY BBIOOPKH nu3

n-1
tabuibl npui. 2.Torga ¢ BEPOATHOCTHIO Y MOKHO 3aKIIOUUTh, YTO BBIOOPOYHOE

cpeadHee X AaeT 3HaUYCHHE HEM3BECTHOIO MAaTEMATUYECKOTO OXKHUIAAHUS C TOUHOCTHIO
&, W MBI TIOJIly4aeM CJCAYIOIUNA OosepumenbHolii UHMEPBAN O1A OUEHKU

MAMEMAMUUECKO20 OHCUOAHUS npu Heu3eecmHoll ducnepcuu.OH HUMECCT BUA:

A A

_ St - S
[ =| X-—r. x4

’ Jn

3.J1.1. 1JIs HEU3BECTHOM TUCIIEPCUHA

y,n—1

7 (95)

2
[Tycts c.B. X~N(a,0”), mpu4eM HEW3BECTHBIM MapamMeTpoM O sBIsETCS O.

Bbruncnmum no X, X,,...,X, Bbibopounoe cpeanee X UM TOYEUHYIO OLECHKY

. 1 & —v 5 A
S* = IZ(X P — X ) aucriepcun o~ . B kadectBe omeHku ¢, HEH3BECTHOTO
n=1j=

~ s
CpEaAHCro KBAJAPAaTUYCCKOIO OTKIOHCHHA BO3bMEM S=+85". HCHOHB3y5I 3aJaHHYIO

A

JOBCPUTCIIBHYIO BCPOATHOCTH )/, IIOJaracMée = S - 6]7 ) YTOOBI  BBINOJIHSJIOCH

PaBEHCTBO

P(S—8<(7<S+8)=}/.
3/1€Ch YUCIIO ¢, ONMPENENAETCS MO JOBEPUTENBHONM BEPOATHOCTU U3 TAOJIMIIBI

npui. 3.
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Nrak, ¢ BEpOSTHOCTBIO ,, MOYKHO YTBEPKIATh, YTO MbI IIOJIy4aeM CJIE YOI

/4

006epumenbHbLiL UHMEPBAN 0J18 OUEHKU CPEOHe20 KeaOPamuuecKo200mK10HeHUA:
I,=(85-$-q,:5+5-q,). (96)
C Takol ke BEPOSTHOCTHIO MOXKHO YTBEPXKJIATh, YTO UHTEPBAI
A oA 2 (o oA 2
12=\6-8q,F.(5+5-4,F) 97)
HAKPOET HEH3BECTHYIO JUCIICPCHIO O .

Ilpumep 124.B pe3ynbrare NpOBEACHHBIX HAOMIOJEHUMN MOJy4yeHa BbIOOpKA,

PSI pacnipeieieHus] KOTOPO UMEeT BUI:

X, 1 5 7 10 12

n; 3 6 10 7 4

CuuTas, 94TO TeHepalbHasi COBOKYITHOCTh UMEET HOPMAIBHOE pacipeesieHue,
HAWTH JOBEPUTEIbHBIC HHTEPBAJIBI I €€ MaTeMaTHYECKOTO OXHUIAHUSA U CPEIHErO
KBaJ[PaTUYECKOTO OTKIIOHEHUS ¢ HaIeKHOCTHIO 0,95.

PewenueIlo nanapiM BbeIOOpKH o00BeMa 7 =30 BBIUHCIUM BBIOOPOYHOE
CpenHee, BRIOOPOUHYIO TUCTIEPCHIO U CPEIHEE KBAAPATHIECKOE OTKIOHCHHE:

X:1-3+5-6+7-;g+10-7+12-4:7’367’ 72 :1-3+25-6+49-;g+100-7+144-4:63’967’

DX =X>—(X) =63967-7367* =969, 6, =\ DX =/9,694=3114.
HOCTpOI/IM I[OBGpPITGHBHBIﬁ HHTCpBAJI 14 MATCMAaTHYCCKOI'O OXHMIAHUA IIPH

HEU3BECTHOM mapameTpe o. Bocnomb3yemcs dopmynoit (15). [ns 3amaHHbBIX

y=095n n=30 naiizem 3Hauenwe ¢, =2,045(cm. mpun.2).Torna mnomyunm

MHTEPBAJI, TOKPBIBAOIINH a ¢ HaeKHOCTHI00,95:

3114-2,045 o 3114-2,045
V29 29

JInsi HaXOXKAEHUS MHTEPBAIBHOW OLIEHKH o Mpu 3a1aHHbiXx ¥ =0,95u n =30

(7,367 - j =(7,147;7,587).

Hainem 3Hadenue ¢, =0,28 (npwi3). BoraucnuMm MCIPaBICHHYIO JMCICPCHIO T10
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bopmye: S = Ll DX = % .9,694 =10,375 .Torza S =.10,375=3,221,

mo3TOMYy, TiojcTaBuB B ¢opmyny (96) HaiijieHHbIE BEIUYUHBI, TOJYYUM

JIOBEPUTENILHBI UHTEPBAJL ISl O :
(3,221-(1-0,28),3,221-(1+0,28) )= (2,319; 4,123).
Ilpumep 125. I'enepanbHasi COBOKYIHOCTh UMEET HOPMAIBHOE PACTIPEAECICHHUE,
JUIsl KOTOPOTO M3BECTHO 3HaueHHe napamerpa o =1,5. HailTu HaumeHbmii o6bem
BBIOOPKH, NPHU KOTOPOM JIOBEPUTENbHBIM HWHTEpBan IMHOW [=0,8 mOKpbIBAET
napameTp a ¢ HaiexxHocTbio 0,95.

Pewenue. /[oBepUTENbHBIA MHTEPBAN JUII MAaTEMaTUYECKOTO OXUIAHUS IpU

U3BECTHOM IapaMeTpe o onpeaensercapopmynoit (94):

()?—U -i')?+U -ij U ()_(—8,)_(+5), rae g=U7. ° [To ycnosuro

T e’ Vi
[=0,8, 3HauuT, &= 420,4. Bemnunny U, HaiiieM W3 ypaBHCHHS

20(U, )=y =095=U, =196 (npu.1). Torzna

n

——=n
Jn

CrnenoBaresbHO, HAUMEHBITUM 00HEMOM BBIOOPKHU OyeT n=155.

2
) =54,02.

b
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[Ipunoxenue 1

y 1
Tabnuna 3HadueHnit GyHkiuu O(x) NS ! e 2dz
X D(x) X D(x) X D(x) X D(x)
0,00 | 0,0000 0,32 |0,1255 0,64 | 0,2389 0,96 | 0,3315
0,01 | 0,0040 0,33 0,1293 0,65 10,2422 0,97 |1 0,3340
0,02 | 0,0080 0,34 0,1331 0,66 | 0,2454 0,98 | 0,3365
0,03 10,0120 0,3510,1368 0,67 | 0,2486 0,99 | 0,3389
0,04 | 0,0160 0,36 | 0,1406 0,68 | 0,2516 1,00 | 0,3413
0,05 |0,0199 0,37 | 0,1443 0,69 | 0,2549 1,01 | 0,3438
0,06 | 0,0239 0,38 10,1480 0,70 | 0,2580 1,02 | 0,3461
0,07 10,0279 0,39 10,1517 0,71]0,2611 1,03 | 0,3485
0,08 10,0319 0,40 | 0,1554 0,72 10,2642 1,04 | 0,3508
0,09 | 0,0359 0,41 ]0,1591 0,73 10,2673 1,05 ] 0,3531
0,10 | 0,0398 0,42 ] 0,1628 0,74 10,2703 1,06 | 0,3554
0,11 |0,0438 0,43 10,1664 0,75 10,2734 1,07 | 0,3577
0,12 10,0478 0,44 10,1700 0,76 | 0,2764 1,08 1 0,3599
0,13]0,0517 0,450,1736 0,77 10,2794 1,09 | 0,3621
0,14 10,0557 0,46 | 0,1772 0,78 10,2823 1,10 | 0,3643
0,15 10,0596 0,47 | 0,1808 0,79 | 0,2852 1,11 10,3665
0,16 | 0,0636 0,48 10,1844 0,80 | 0,2881 1,12 10,3686
0,17 | 0,0675 0,49 | 0,1879 0,81 10,2910 1,13 10,3708
0,1810,0714 0,50 0,1915 0,82 10,2939 1,14 10,3729
0,19 10,0753 0,51 10,1950 0,83 10,2967 1,150,3749
0,20 0,0793 0,52 10,1985 0,84 10,2995 1,16 | 0,3770
0,21 | 0,0832 0,53 10,2019 0,85 10,3023 1,17 10,3790
0,22 10,0871 0,54 | 0,2054 0,86 | 0,3051 1,18 10,3810
0,23 10,0910 0,55 10,2088 0,87 10,3078 1,19 ] 0,3830
0,24 | 0,0948 0,56 10,2123 0,88 10,3106 1,20 | 0,3849
0,25 | 0,0987 0,57 10,2157 0,8910,3133 1,21 | 0,3869
0,26 | 0,1026 0,58 10,2190 0,901 0,3159 1,22 10,3883
0,27 | 0,1064 0,59 10,2224 0,91 | 0,3186 1,23 10,3907
0,28 10,1103 0,60 | 0,2257 0,92 10,3212 1,24 10,3925
0,29 10,1141 0,61 | 0,2291 0,93 | 0,3228 1,25 10,3944
0,30 | 0,1179 0,62 | 0,2324 0,94 | 0,3264 1,26 | 0,3962
0,31]0,1217 0,63 | 0,2357 0,951 0,3289 1,27 10,3980
1,28 10,3997 1,61 | 0,4463 1,94 | 0,4738 2,54 10,4945
1,29 10,4015 1,62 | 0,4474 1,95 0,4744 2,56 | 0,4948
1,30 | 0,4032 1,63 10,4484 1,96 | 0,4750 2,58 10,4951
1,31 | 0,4049 1,64 | 0,4495 1,97 10,4756 2,60 | 0,4953
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Oxkonuanue npui 1

1,32 | 0,4066 1,65 10,4505 1,98 10,4761 2,62 10,4956
1,33 10,4082 1,66 | 0,4515 1,99 10,4767 2,64 10,4959
1,34 | 0,4099 1,67 10,4525 2,00 0,4772 2,66 | 0,4961
1,35]0,4115 1,68 10,4535 2,02 10,4783 2,68 10,4963
1,36 | 0,4131 1,69 | 0,4545 2,04 10,4793 2,70 | 0,4965
1,37 10,4147 1,70 ] 0,4554 2,06 | 0,4803 2,72 10,4967
1,38 10,4162 1,71 10,4564 2,08 10,4812 2,74 10,4969
1,39 10,4177 1,72 10,4573 2,101 0,4821 2,76 10,4971
1,40 | 0,4192 1,73 10,4582 2,121 0,4830 2,78 10,4973
1,41 ] 0,4207 1,74 10,4591 2,14 10,4838 2,8010,4974
1,43 10,4236 1,76 | 0,4608 2,18 10,4854 2,84 10,4977
1,44 10,4251 1,771 0,4616 2,201 0,4861 2,86 10,4979
1,45 10,4265 1,78 10,4625 2,22 10,4868 2,88 10,4980
1,46 | 0,4279 1,79 10,4633 2,24 10,4875 2,90 10,4981
1,47 | 0,4292 1,80 | 0,4641 2,26 | 0,4881 2,92 10,4982
1,48 10,4306 1,81 ] 0,4649 2,28 10,4887 2,94 10,4984
1,49 10,4319 1,82 10,4656 2,30 10,4893 2,96 | 0,4985
1,50 | 0,4332 1,83 10,4664 2,32 10,4898 2,98 10,4986
1,51 10,4345 1,84 10,4671 2,34 10,4904 3,00 | 0,49865
1,52 10,4357 1,8510,4678 2,36 | 0,4909 3,201 0,49931
1,53 10,4370 1,86 | 0,4686 2,38 10,4913 3,40 | 0,49966
1,54 10,4382 1,87 10,4693 2,40 10,4918 3,60 | 0,49984
1,5510,4394 1,88 10,4699 2,42 10,4922 3,80 | 0,49992
1,56 | 0,4406 1,89 10,4706 2,44 10,4927 4,00 | 0,49996
1,5710,4418 1,90 10,4713 2,46 | 0,4931 4,50 | 0,49999
1,58 | 0,4429 1,91 10,4719 2,48 10,4934 5,00 | 0,49999
1,59 10,4441 1,92 10,4726 2,50 10,4938

1,60 | 0,4452 1,93 10,4732 2,52 10,4941
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Tabmuua 3Hauennit ¢, = #(y, n)

[Ipunoxenue 2

n 4 N Y
0,95 0,99 0,999 0,95 0,99 0,999

5 2,78 4,60 8,61 20 2,093 2,861 3,883

6 2,57 4,03 6,36 25 2,064 2,797 3,745

7 2,45 3,71 5,96 30 2,045 2,756 3,659

8 2,37 3,50 5,41 35 2,032 2,720 3,600

9 2,31 3,36 5,04 40 2,023 2,708 3,558
10 2,26 3,25 4,78 45 2,016 2,692 3,527
11 2,23 3,17 4,59 50 2,009 2,679 3,502
12 2,20 3,11 4,44 60 2,001 2,662 3,464
13 2,18 3,06 4,32 70 1,996 2,649 3,439
14 2,16 3,01 4,22 80 1,991 2,640 3,418
15 2,15 2,98 4,14 90 1,987 2,633 3,403
16 2,13 2,95 4,07 100 1,984 2,627 3,392
17 2,12 2,92 4,02 120 1,980 2,617 3,374
18 2,11 2,90 3,97 00 1,960 2,576 3,291
19 2,10 2,88 3,92

[Ipunoxenue 3
Tabnuua 3HaveHuii g, = q(y, n))
n 4 N Y
0,95 0,99 0,999 0,95 0,99 0,999

5 1,37 2,67 5,64 20 0,37 0,58 0,88

6 1,09 2,01 3,88 25 0,32 0,49 0,73

7 0,92 1,62 2,98 30 0,28 0,43 0,63

8 0,80 1,38 2,42 35 0,26 0,38 0,56

9 0,71 1,20 2,06 40 0,24 0,35 0,50
10 0,65 1,08 1,80 45 0,22 0,32 0,46
11 0,59 0,98 1,60 50 0,21 0,30 0,43
12 0,55 0,90 1,45 60 0,188 0,269 0,38
13 0,52 0,83 1,33 70 0,174 0,245 0,34
14 0,48 0,78 1,23 80 0,161 0,226 0,31
15 0,46 0,73 1,15 90 0,151 0,211 0,29
16 0,44 0,70 1,07 100 0,143 0,198 0,27
17 0,42 0,66 1,01 150 0,115 0,160 0,211
18 0,40 0,63 0,96 200 0,099 0,136 0,185
19 0,39 0,60 0,92 250 0,089 0,120 0,162
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